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Abstract

This paper studies the impact of interest rate disagreement between the
Federal Reserve and financial markets on the transmission of U.S. monetary
policy. First, I construct a simple real-time measure of disagreement and show
that it improves short- and medium-horizon forecasts in standard macroeco-
nomic VARs. Second, using lag-augmented local projections, I show that
disagreement dampens monetary policy effectiveness, attenuating its impact
on output and offering an explanation for apparent anomalies such as the
“activity puzzle.” Third, I demonstrate that market expectations, as reflected
in tradable asset prices, outperform Fed staff forecasts, and that information-
advantage tests reveal no systematic Fed edge, challenging prevailing nar-
ratives. I show that standard New Keynesian frameworks with incomplete
information contain a latent disagreement structure, which, when formalized,
yields a parsimonious explanation of the documented evidence. The model
generates disagreement from three distinct sources — fundamentals, policy
rule, and credibility. A general state-space model identifies the importance
of each and sheds light on key normative implications.
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In the wake of the Great Financial Crisis, on January 27–28, 2009, the Federal Re-
serve held its first scheduled Federal Open Market Committee (FOMC) meeting
after the policy rate hit the zero lower bound. In an attempt to reassure distressed
markets, the Fed announced that interest rates would remain near zero, empha-
sizing that “

” Nevertheless, at the end of the trading day, market expectations reflected
in federal funds futures appeared to anticipate a steady but immediate tightening,
revealing a sharp gap with the Fed’s outlook. This paper refers to this gap as
“Fed–Market interest rate disagreement” and studies how it systematically shapes
the transmission of monetary policy.

�L�Q�i�2�b: Black solid line —effective federal funds rate. Red dashed — meeting-day
market-implied expectations from federal funds futures. Blue dashed — Fed policy-rate expecta-
tions from the Tealbook. Dots mark quarterly horizons.

Monetary transmission is central to modern macroeconomics. Over the last few
decades, economists and policymakers have increasingly focused on the role of
expectations in generating monetary non-neutrality. Workhorse macroeconomic
models operate under the assumption that financial markets and the Fed share
information and form expectation similarly, implying a common policy outlook.
I show that this is rarely true. Fed and market interest rate forecasts disagree
throughout 1990–2019, the gaps are serially correlated, and absolute differences
at times exceed 250 basis points. These are some of the facts that motivate the

�RExcerpt from the FOMC Statement, dated January 28, 2009.
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analysis in this study.

The paper makes six contributions. First, I construct a novel real-time measure
of Fed–Market disagreement at FOMC-meeting frequency, which spans all avail-
able forecasting horizons. Second, I show that incorporating this novel measure
into standard VARs improves the forecasts of macroeconomic variables at short
and medium horizons, indicating valuable predictive content for policy decisions
and macro aggregates. Third, using state of the art estimation, I demonstrate
that these large, persistent expectation differentials attenuate – and sometimes
reverse – the conventional effects of monetary shocks, generating state-dependent
policy transmission with attenuation increasing in disagreement. Fourth, forecast-
comparison and information advantage tests find no systematic Fed edge, under-
mining a prominent narrative that postulates an information channel as primary
explanation for some puzzling evidence. Fifth, I provide a microfounded mech-
anism: in a generalized New Keynesian framework, the expectation gap enters
the Euler equation as a wedge, which can explain the empirical evidence and of-
fers a parsimonious theory of monetary transmission grounded in conventional
intertemporal substitution and disagreement-dependent learning. Sixth, I endog-
enize disagreement and model learning through an Extended Kalman Filter that
decomposes its sources into disagreement about fundamentals, rule misperception,
and forward guidance, yielding a quantitative attribution assessment of their rel-
ative contribution and providing a real-time index of Fed’s policy effectiveness.

The core empirical finding estimates the state-dependent effect of Fed-Market dis-
agreement on the transmission of monetary shocks. Using lag-augmented local
projections, I find that when disagreement is low, tightening shocks reduce activ-
ity with familiar hump-shaped dynamics, consistently with standard theoretical
predictions. As disagreement rises, the response of industrial production attenu-
ates, and at high levels it can reverse sign, offering a beliefs-based rationale for
the so called “real activity puzzle.”, i.e., the observed positive response of activity
to high-frequency hiking shocks (Campbell et al., 2017). Quantitatively, a 25-bp
increase in average disagreement – a shift from the median to the 75th percentile –
reduces the magnitude of the output response at a horizon of 12 months by approx-
imately 51%. In summary, disagreement induces a pronounced state-dependent
attenuation, which is pervasive over the last 30 years.

These patterns naturally raise the question of whether monetary announcements
reflect information effects. The prevailing view holds that markets’ information
sets are a subset of the Fed’s, due to access to privileged data and superior knowl-
edge of the reaction function. This underpins the “information channel” of mone-
tary policy, the conjectured mechanism under which markets read a policy surprise
as news about fundamentals rather than an unambiguous deviation from the rule
(Nakamura and Steinsson, 2018). Under this view, an unexpected rate hike may
reflect either a true policy shock or the Fed’s expectation of stronger future fun-
damentals, invalidating empirical specifications that do not distinguish between
the two, and yielding puzzling findings like the counterintuitive response of real
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activity.

A corollary of this view is that the Fed’s larger information set should translate
into superior forecasting performance. I test this by assembling projections from
Tealbooks and federal funds future contracts. In contrast, I find that markets
forecast the policy path more accurately than the Fed at horizons of 1–8 quarters.
The edge mildly declines with the forecasting horizon but remains statistically
significant and robust to variations in the measuring cutoff date. To ensure a valid
comparison, it is paramount to ensure that expectations are captured at a common
point in time: in fact, using market expectations after the FOMC announcements
and the press releases would grant traders extra days of news, beyond the Fed’s
officially and unofficially released data (Vissing-Jorgensen, 2020). Therefore, for
this exercise, I measure market expectations at each Tealbook internal cutoff date,
which on average precedes the FOMC meeting by 6.6 days.

Moreover, I apply state of the art testing to this newly constructed dataset to assess
the presence (and the evolution) of any Fed informational advantage. Previous
studies find substantial evidence of Fed’s edge, although decreasing over time.
Leveraging the timeliness and unambiguity of my market-implied data, I find no
evidence of a systematic information advantage, with minor exceptions around
specific episodes concentrated around the zero lower bound era. These results
align with, yet are distinct from, the finding of market superiority in policy-rate
forecasting, and together they cast doubt on the plausibility of the information
channel of monetary policy, thereby motivating the introduction of a more general
theoretical framework.

I show that disagreement is a latent state in New Keynesian frameworks, one that
can be formally accounted for by relaxing highly restrictive assumptions like full
information. As a result, the gap between Fed and market expected policy paths
enters the generalized Euler equation as a wedge. Monetary transmission depends
on the policy rate path that private agents expect after the announcement, not
only on the surprise observed on impact. For instance, if markets expect a smaller
increase in future rates than the Fed intends, the rise in expected real rates rele-
vant for spending/investment is smaller, so the contractionary effect on output is
attenuated.
I then study the model’s impulse responses in low- and high-disagreement states,
closely mirroring the empirical design, to show how this mechanism maps into the
observed state dependence. The transparency of the framework translates the em-
pirical restrictions into testable implications, which I verify with model-implied re-
gressions: the data exhibit the theory’s predicted differential expectation behavior
across disagreement states. In summary, treating disagreement as an endogenous
wedge allows to track its own dynamic responses, providing a parsimonious and
intuitive mechanism confirmed by the data.

�kInformal name for the �*�m�`� �̀2�M�i �1�+�Q�M�Q�K�B�+ ���M�/ �6�B�M���M�+�B���H �*�Q�M�/�B�i�B�Q�M�breport, prepared by the
Federal Reserve Board’s staff before each meeting.
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Finally, the theory isolates three sources of disagreement: fundamentals, the policy
rule coefficients, and the limited commitment of forward guidance. These map,
respectively, to the information channel, the response-to-news channel, and the
credibility channel, which to my knowledge have not been studied jointly. To
operationalize learning, I estimate a state-space model treating all three as la-
tent states through an Extended Kalman filter, mapping observed rate surprises
and wedge dynamics into expectation updates. The filter accommodates the policy
rule’s nonlinearity and delivers time-varying Kalman gains that depend on the pre-
vailing level of disagreement. Intuitively, higher disagreement induce markets to
place a larger discount on Fed’s actions and communication, so identical surprises
shift expectations less and transmission weak. This yields quantitative attribution
shares for each source of disagreement and regime-dependent impulse responses
that match the documented attenuation. In other words, the same monetary sur-
prise moves the latent states (and, as a consequence, the Euler wedge) by different
amounts in low- versus high-disagreement regimes, which can ultimately be consid-
ered a real-time proxy of Fed’s credibility. Methodologically, the contribution is a
rigorous yet flexible learning framework that illustrates markets’ state-contingent
expectation formation process, unifying shocks, beliefs, and transmission in one
system.

Related Literature Woodford (2005) famously argues that
echoing the rational

expectations idea that only unanticipated monetary changes affect output (Lucas,
1972). This study maintains rational expectations but relaxes full information
(Blinder et al., 2008), focusing on the pervasive expectation heterogeneity between
financial markets and the Federal Reserve and on how this misalignment shapes
monetary transmission.

Theoretically, intertemporal substitution is a core channel of monetary transmis-
sion: expectation management and credible commitment have been central since
the early New Keynesian models (Clarida et al., 1999, Woodford, 2001), and more
recent behavioral frameworks reinforce this view, highlighting communication as
a key lever of policy (Sims, 2003, Lorenzoni, 2009, Eusepi and Preston, 2010,
Gabaix, 2020). Closest to this paper, Caballero and Simsek (2022) model Fed–
market disagreement and study policy implications when markets are opinionated
and information effects are muted. In contrast, I first establish the empirical
prevalence and state-dependent relevance of disagreement for transmission; then
show it enters a generalized New Keynesian framework as a wedge that explains
attenuation; finally, I decompose its sources, nesting leading theories.

Empirically, extensive work identifies monetary shocks and their effects (Ramey,
2016), in particular using narrative instruments and high-frequency surprises around
announcements (Kuttner, 2001, Romer and Romer, 2004, Bernanke and Kuttner,
2005, Gurkaynak et al., 2005, Ramey, 2016). Measurement has sought to separate
policy from information effects. Recent work decomposes market reactions into
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monetary and information shocks (Melosi, 2017, Nakamura and Steinsson, 2018,
Jarociński and Karadi, 2020), helping explain “puzzles” common in high-frequency
specifications. Under imperfect information, announcements correlate with fore-
cast revisions, generating positive activity responses to tightening that reflect news
rather than causal policy effects. Relatedly, studies analyze the heterogeneous per-
ceptions of the policy rule and their implications for belief dispersion and outcomes
(Hamilton et al., 2011, Couture, 2021, Sastry, 2022, Bauer et al., 2024).

Predictability of external instruments (“monetary surprises”) has motivated or-
thogonalization using surveys and Fed projections (Cieslak, 2018, Miranda-Agrippino
and Ricco, 2021, Bauer and Swanson, 2023a, Amodeo, 2025). This paper comple-
ments that agenda by studying ex post disagreement—the gap between Fed and
market expectations measured the FOMC statement and press conference—
providing a clean, price-based proxy for residual differences in beliefs that can be
studied in relation to monetary transmission and efficacy.

Ex post measurement also incorporates Fed communication, now a core policy in-
strument. By steering beliefs about the future policy path, communication shapes
intertemporal choices of firms and households (Eggertsson et al., 2003). Markets
may read guidance as signals about fundamentals (“Delphic”) rather than pure
commitments (“Odyssean”) (Campbell et al., 2012, Melosi, 2017). In this set-
ting, disagreement represents limited credibility, constraining the Fed’s ability to
influence policy expectations (Moscarini, 2007).

The information channel posits that policy announcements reveal the Fed’s pri-
vate knowledge about fundamentals, so markets interpret surprises as information
rather than pure unexpected policy (Nakamura and Steinsson, 2018, Andrade et
al., 2019, Cieslak and Schrimpf, 2019). More broadly, the Fed may possess an
information advantage regarding the future path of its policy rule or planned de-
viations from it, which manifests as superior policy-rate forecasts. Early studies
report a Fed edge (Romer and Romer, 2000, Gavin and Mandal, 2003), while later
work finds erosion and instability by sample and horizon (D’Agostino and Whelan,
2008, Hoesch et al., 2023).

My results differ sharply. Markets consistently outperform the Fed in the short
and medium run; moreover, state of the art tests show no systematic Fed infor-
mation advantage, with only episodic exceptions. Two key reasons justify this
divergence with previous results. First, I compare Tealbook projections against
market-implied expectations (prices), avoiding notable survey issues, like cheap
talk (Crawford and Sobel, 1982), behavioral frictions(Bordalo et al., 2020, Kohlhas
and Walther, 2021, Bianchi et al., 2022), and strategic bias (Gemmi and Valchev,
2023, Amodeo, 2024). Second, traded futures prices allow precise alignment of mar-
ket expectations to the Tealbook’s internal cutoff, eliminating vintage mismatches
that plague survey comparisons (Vissing-Jorgensen, 2020). Together, these find-
ings challenge the information-channel premise as the dominant explanation for
announcement responses.
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More broadly, the paper relates to the literature on disagreement in measured
expectations (Mankiw et al., 2003, Andrade and Le Bihan, 2013, Andrade et al.,
2019). In a similar vein, Dong et al. (2025) show that household inflation dis-
agreement weakens forward guidance and dampens the effects of monetary shocks,
consistent with uncertainty about the inflation target. Angeletos and Lian (2018)
argue that without common knowledge, forward-guidance effects are mitigated
through higher-order beliefs, providing a complementary mechanism for the atten-
uation documented here. On transmission, Zohar (2024) shows that disagreement
and uncertainty behave differently across the business cycle, illustrating why dis-
agreement may capture different forces beyond uncertainty; relatedly, Benchimol
et al. (2023) use a high-frequency approach to show that uncertainty amplifies
stock-market reactions to monetary surprises. Both papers treat uncertainty as a
distinct state variable shaping macro and financial responses; I follow this distinc-
tion, keeping disagreement conceptually separate and results empirically robust by
controlling for standard macro and financial uncertainty measures.

The rest of the paper is organized as follows. Section 2 describes the data used
to compute shocks and disagreement. Section 3 outlines all key empirical results,
first describing the main properties of my disagreement measure and then showing
its effects on monetary transmission, with a rich discussion of the findings. Section
4 introduces a theoretical framework to model disagreement within a generalized
New Keynesian framework with heterogeneous expectations, and leverages the core
empirical restriction to test the model. Finally, Section 5 proceeds to microfound
the sources of disagreement in relation to the learning implied by the model, and
outlines a methodology to quantitatively assess the expectation formation process
of financial markets in an environment with private information, forward guid-
ance, unobserved fundamentals and policy rule coefficients. Section 6 provides
concluding remarks and directions for future research.

Throughout the paper, the analysis draws on three data blocks. First, the stan-
dard macroeconomic series used as outcomes and conditioning variables. Second,
the instruments for the monetary shocks, primarily based on high-frequency sur-
prises around FOMC announcements. Third, the expectations for the Fed, finan-
cial markets, and—where relevant—professional forecasters. Variable definitions,
transformations, and sources are documented with each application and consoli-
dated in Appendix A. The next subsections describe the core inputs and the novel
construction choices that underlie the empirical analysis.
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The main sources for the Federal Reserve’s expectations are the Tealbooks (pre-
viously Greenbooks), distributed to the Federal Open Market Committee prior
to each scheduled FOMC meeting, and containing in-depth analysis of current
economic and financial conditions and projections of the Federal Reserve Board
staff. They are released to the public with a five-year lag; as of this writing, the
most recent release covers the December 2019 meeting. I construct a time series
of Fed forecasts produced for each FOMC meeting based on digitized data from
the Federal Reserve Bank of Philadelphia, which provides expectations for interest
rates from 1981 to 2008, and on hand collected data for the predictions made be-
tween 2008 and 2019. Figure 2 showcases an exemplificative snapshot of a recent
Tealbook release.

Example Greenbook/Tealbook projection of the Federal Funds Rate (FFR) path used
for an FOMC meeting (vintage indicated); Source: Federal Reserve Board, Tealbook.

The precise dates used are public, obtained from Nakamura and Steinsson (2018),
recently extended by Acosta et al. (2024). The key variable under study, the
Federal Funds Rate (FFR), is forecasted up to several years in the future, and
I follow Caballero and Simsek (2022)’s methodology in interpolating the annual
Tealbooks forecast to quarterly horizons up to ten quarters ahead. Importantly,
the Tealbooks projections are prepared a few days in advance of the scheduled
meetings. To compare the forecast accuracy between the Fed and financial markets,
the precise temporal alignment of information sets is of the essence. Therefore,
I manually collect each exact day differential between the internal release of the
Tealbooks and the FOMC Meeting it refers to; across the 233 scheduled monetary

�j See Appendix A.2 for a more detailed account.
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decisions in the sample, the average gap is 6.6 calendar days.

For auxiliary analysis, I collect additional data from the Fed’s Summary of Eco-
nomic Projections (SEP), which started including FFR projections since 2012.
However, several reasons limit the SEP’s scope for the purpose of this study: first,
the much shorter sample; second, the reduced frequency (four releases yearly); fi-
nally, its being a collection of all FOMC participants’ projections has raised ques-
tions regarding their nature of or , and other reservations of
political type (Bordo and Istrefi, 2018, Gerlach and Stuart, 2019).

To measure markets’ expectations, I use daily federal funds rate (FFR) futures
prices for maturities up to 36 months obtained from proprietary Bloomberg data.
These contracts are highly liquid, widely used contracts: in recent years, daily trad-
ing has typically amounted to several hundred thousand contracts, corresponding
to current average notional volumes on the order of $1–2 trillion per day across
maturities. Available data from traded futures spans from 1988 to the present,
although with remarkable heterogeneity in trading horizon, as early in the sample
futures priced only 2 to 3 quarters ahead FFR realizations. I collect all available
closing prices from 1988 to 2024, quoted as 100 minus the average monthly FFR
at settlement, and convert to implied forward rates following the literature via

Forward Ratet;m = 100 � Futures Pricet;m ;

where t indexes trading days and m 2 f 0; : : : ; 36g the monthly horizon. Forward
rates are aligned with the format of Federal Reserve’s Tealbook projections, e.g.,
they are aggregated to quarterly horizons (henceforth denoted by h) by averag-
ing. Figure 3 displays an illustrative snapshot of a future contract as shown in
Bloomberg Terminal, where column �G���b�icollects the Futures Pricet;m in the for-
mula above.

�9Further details in A.2.
�8Appendix D.7 re-estimates the headline local-projection result with SEP-implied disagree-

ment in place of the Tealbook-based measure and shows that the attenuation channel is qualita-
tively preserved both on the 2012:01–2019:12 overlap and on the extended SEP sample through
2023:02; a pooled-overlap Wald test cannot reject equality of the two interaction coefficients at
any horizon h 2 f 0; : : : ; 24g.

�eBloomberg tickers: �ë�6�6�R �*�Q�K�/�i�v�ìto �ë�6�6�j�e �*�Q�K�/�i�v�ì.
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Exemplificative Bloomberg Terminal view of 30-Day Federal Funds futures — Generic
1st continuous contract (�6�6�R �*�P�J�" �*�Q�K�/�i�v).

Extracting expectations from traded securities insures against several concerns re-
garding survey forecasts, from critiques (Crawford and Sobel (1982),
Ottaviani and Sørensen (2006)) to the many documented biases professional fore-
casters and household exhibit (Laster et al. (1999), Malmendier and Nagel (2016),
Bordalo et al. (2020), Gemmi and Valchev (2023), Amodeo (2024)). However,
financial prices embed a risk premium potentially causing them to diverge from
actual expectations (Piazzesi and Swanson (2008)). Estimates of such premia are
very small compared to the disagreements I document and are even more negli-
gible for short-term interest rate futures (Schmeling et al. (2022)). To allow for
this small discrepancy, in robustness I adopt commonly employed adjustments
(Piazzesi and Swanson (2008), Diercks and Carl (2019)) – also in use at the Board
of Governors – to adjust the extracted expectations.

Finally, although unsuited for some of the purposes in this study, I also analyze
the expectations proxied by the consensus estimates (simple average) of the Survey
of Professional Forecasters. Although the SPF does not include forecasts of the
overnight interest rate among its variables, I proxy for it by using the 3-month US
Treasury Bill rate.

To proxy for monetary shocks, I use several influential high-frequency surprise
series based on traded securities’ price variation around monetary decisions. The
baseline shock series is a refinement of the high-frequency orthogonalized monetary
policy surprises of Bauer and Swanson (2023b), as proposed in the parallel study

�dIn Appendix E.1, I show a theoretical microfoundation of prices as (rational) measures of
expectations for agents endowed with constant absolute risk aversion preferences.
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Amodeo (2025). The data cover all FOMC announcements from 1989 to 2023, and
calculate surprises (�J�S�at ) as the first principal component of shocks to the one,
two, three, and four-quarter Eurodollar contracts in 30-minute windows around
monetary announcements, consistently with evidence highlighting the relevance of
longer-term expectations in financial markets (Gurkaynak et al., 2005).

To address recent concerns of predictability in high-frequency surprises, I orthog-
onalize each �J�S�at with respect to latest available release of six macrofinancial
variables on the same day of the monetary announcement. Following Amodeo
(2025), orthogonalization takes place at the observation (meeting) level and then
the purged series is aggregated to monthly frequency, so that shocks are ex ante
orthogonal to information available at the time of the decision (i.e., they are un-
predictable). By contrast, Bauer and Swanson (2023a) aggregate first and or-
thogonalize afterwards. The resulting series, �J�S�a�n�P�_�h�>t , constitutes the baseline
instrument for the monetary shocks throughout, although a range of alternative
popular series – including the original Bauer and Swanson (2023a) – is used for
robustness at every stage.

Orthogonalized high-frequency monetary surprises (�J�S�a�n�P�_�h�>) from Bauer and Swan-
son (2023b), Amodeo (2025).

The main empirical findings are organized in three parts. First, I provide descrip-
tive evidence of my measure of disagreement, defined as the difference between
the Fed’s and the market’s expectations of the future path of the Federal Funds

�3These being the variables described in Bauer and Swanson (2023b): the surprise in nonfarm
payrolls, employment growth, a measure of S&P 500 growth, the change in the slope of the yield
curve, the log change in the Bloomberg Commodity Spot Price index, and the implied skewness
of the 10-year Treasury yield. Details in Appendix A.3
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Rate, and argue that adding it to standard VARs improves the forecasting of
macroeconomic aggregates and the policy rate.

Second, and crucially, I study the consequences of disagreement for monetary pol-
icy transmission. I find that disagreement attenuates the effects of monetary shocks
on the economy, as I show for the response of output (industrial production) as a
function of disagreement levels. Numerous variations on the empirical specifica-
tion corroborate the relevance of this novel measure in explaining state-dependent
effects of monetary policy and known outstanding puzzles.

Finally, I compare statistically the forecasting accuracy of Fed, Markets, and (in
appendix) the consensus of the Survey of Professional Forecasters in predicting
the future monetary policy. In contrast to the prevailing narrative and to previous
results, I find that the market overperforms the Fed at all forecasting horizons, and,
distinctly but consistently, that the Fed does not possess systematic information
advantage throughout the sample, with episodic exceptions concentrated around
the zero lower bound era.

For each forecast horizon h, define disagreement

D h
t := EF

t (i t+ h) � EM
t (i t+ h) (1)

where i t+ h denotes the federal funds rate h quarters ahead, EF
t is the Fed’s expecta-

tion (from the Greenbook/Tealbook) and EM
t is the market’s expectation (implied

from traded futures). Note that by construction (1) is signed and order-sensitive
— swapping Fed and Market flips the sign; in parts of the empirical analysis, I use
its absolute value.

As a summary of differences between Fed and market expectations, I compute aver-
age disagreement simply as the arithmetic mean over the available horizons of D h

t .
Table 1 summarizes moments and regime means. Disagreement is slow-moving and
highly persistent. Its mean is close to zero and statistically indistinguishable from
no bias; the sign is roughly balanced over the sample, with a slightly positive tilt —
the Fed’s path exceeds markets in about 47% of months. Mean absolute disagree-
ment is higher in recessions than in expansions, but the recession–expansion gap is
imprecisely estimated and not statistically significant. Overall, disagreement is at
most weakly countercyclical in magnitude and shows negligible cyclicality in sign.
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Panel A. Unconditional moments
Mean SD AR(1) Pr > 0

�D t 0.058 0.490 0.925 0.465
j �D t j 0.383 0.310 0.866 1
Panel B. Means by business-cycle regime

Exp. (N = 333) Rec. (N = 37) Rec� Exp p-val
�D t 0.065 -0.005 -0.069 0.734
j �D t j 0.375 0.454 0.079 0.275

Disagreement: Unconditional Moments and Business-Cycle Means.
Notes: Monthly data, 1988:10–2019:12. Units: percentage points. “Rec� Exp” and p-values from
Newey–West regressions with 12 lags. �D t is the unweighted mean of D h

t = EF (i t + h ) � EM (i t + h );
j �D t j is its absolute value. NBER recession dates.

Figure 5 plots the time series of the average D h
t over all available horizons through-

out 1988:10–2019:12, with NBER-dated recessions shaded. The series spends sub-
stantial time in both the top and bottom quintiles of its distribution, in episodes
that map cleanly to recognizable moments in monetary-policy history. A top-
quintile episode (in blue) is one in which the Federal Reserve’s expected path of
policy rates sits above what financial markets are pricing. The defining exam-
ple is the long stretch covering the post-liftoff normalization cycle, when the Fed
economists’ projections persistently exceeded the path implied by futures: the Fed
believed it would raise rates faster than markets believed it would. Symmetrically,
a bottom-quintile episode (in red) is one in which markets price a steeper path
than the Fed. The 1994 episode — discussed at length in Blinder (2023) — is
the canonical case: bond markets, skeptical of Greenspan’s success in achieving
a “soft landing”, priced continuing hikes while the Fed welcomed the promising
inflation data and stabilized its rate forecasts. The same logic applies through the
post-2008 zero lower bound, where the Bernanke “lower-for-longer” commitment
to keep rates near zero was repeatedly contested by markets pricing earlier exits.
Appendix D.5 offers a broader narrative of most relevant episodes.
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Time Series of Average Disagreement, 1988:10–2019:12. Pale blue (pale red) bands
flag contiguous runs of at least 6 months in the top (bottom) signed quintile of �D t , allowing
4-month gaps to bridge brief reversions. Gray bands mark NBER recession dates.

As previously argued, disagreement between markets’ and Fed’s expectations is
pervasive and likely reflect differential views on fundamentals, policy rules, or fu-
ture behavior of the FOMC. Then, these frequent divergences allow me to construct
a measure of disagreement that may carry information for future macroeconomic
outcomes. This section shows that such measure is indeed helpful in predictive
exercises in commonly specified macroeconomic vector autoregressions.

As a baseline, I estimate VARs with three variables – industrial production, con-
sumer prices and the policy rate — and perform block Granger causality tests
to establish if the newly obtained disagreement variable statistically improves the
forecasting of any of the specified variables. Then, the null hypothesis H0 is that
all lag coefficients on D h

t ; : : : ; D h
t � p are zero. Rejection implies that p lags of D h

t
improves conditional forecasts of [IP t ; � t ; i t ].

Table 2 reports block F‑statistics for horizons of one to eight quarters. The null
that disagreement (and its lags) does not Granger‑cause macroeconomic aggregates
is rejected at the 5% significance level across these horizons. At horizons seven
and eight quarters, the F‑statistics fall and the null cannot be rejected, indicating
that the predictive power of disagreement weakly fades beyond about a year and
a half.

More precisely, adding D h
t yields non-trivial relative gains. Measured as the per-

cent drop in unexplained variance, for i t it peaks near 15–16% at h = 5–6; for � t
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about 9–13% at h = 5–8; for IP t about 4–8% at h = 3–6. This aligns with the
block-Granger rejections.

Null: H0 Distribution Statistic PValue Decision
Exclude f D 1

t;:::;t � pg F(21,335) 2.468 0.000 Reject
Exclude f D 2

t;:::;t � pg F(18,340) 2.261 0.003 Reject
Exclude f D 3

t;:::;t � pg F(24,305) 2.224 0.001 Reject
Exclude f D 4

t;:::;t � pg F(18,255) 2.852 0.000 Reject
Exclude f D 5

t;:::;t � pg F(30,148) 2.065 0.002 Reject
Exclude f D 6

t;:::;t � pg F(30,141) 1.960 0.005 Reject
Exclude f D 7

t;:::;t � pg F(30,141) 1.417 0.092 Fail to Reject
Exclude f D 8

t;:::;t � pg F(27,139) 1.315 0.156 Fail to Reject
Exclude f �D t;:::;t � pg F(18,340) 2.308 0.002 Reject

Block Granger Causality: 1-8 quarters, and Average; Null H 0 : � n 1;p = 0 8p (no
predictive power) at � = 0 :05 significance level. Based on an estimated VAR with a constant
including [F F R; D t ; CP I; IP ], where D t is either a vintage D h

t or the summary measure �D t .
Number of lags is picked by the most conservative between the Akaike and Schwartz Criteria
(p = max( AIC; SBC )). See Appendix C for specifics on the details of the estimation.

Consistently with the rest of the evidence, Block Granger causality tests using �D t

as a regressor reject the null that past values of average disagreement do not help
predict macro variables. The average measure too, therefore, provides a useful
addition in a reduced form forecasting exercise. Thus, I conclude that measures of
disagreement between Fed and market expectations carries predictive content for
monetary policy and real activity over short to medium horizons.

While Block-Granger causality can be a useful tool to establish the general in-
formativeness of the various measures of disagreement, univariate testing raises
the bar and can shed light on the specific variables that disagreement relates to.
Appendix C provides univariate test results, details the mechanics of the esti-
mation and includes a battery of robustness checks, including the estimation of
richer VARs like Gertler and Karadi (2015), which augments the system using
Gilchrist and Zakrajšek (2012)’s measure of Excess Bond Premium, or Bauer and
Swanson (2023b)’s even richer 6-variables system including indexes of the price of
commodities and unemployment. Results remain qualitatively consistent.

�NTo quantify gains, I use the partial R2 for nested models:

Gain =
R2

���m�; � R2
�#���b�2

1 � R2
�#���b�2

= 1 �
SSE���m�;

SSE�#���b�2
:

This measures the percent drop in unexplained variance.

15



After demonstrating the reduced-form usefulness of a measure of disagreement be-
tween the Fed and financial markets for macroeconomic forecasting, in this section
I present the central empirical result of the paper. Does interest rate disagreement
affect the transmission of monetary policy to the economy?

To gauge whether differences in expectations affect the pass-through of the Fed’s
policy, I estimate lag-augmented local projections in the spirit of Montiel Olea and
Plagborg-Møller (2021). For each horizon h, the response of a macro variable y to
a monetary policy shock st is obtained from the following specification:

y t+ h = ch + � hst + � hst j �D t j + � hLagsL
t � 1 + " t+ h (2)

where LagsL
t � 1 �

�
y t � 1:t � L ; st � 1:t � L ; j �D t :t � L j; st � 1:t � L j �D t � 1:t � L j

� 0, with respec-
tive coefficients � h � [ � 1:L

h ; 
 1:L
h ; � 0:L

h ; � 1:L
h ]; y t+ h collects the macroeconomic

variables under analysis, st is a monetary policy shock, and j �D t j is the absolute
value of the average disagreement, which I use to capture symmetric effects of
positive and negative disagreement, later relaxed. I include L lags of both the
independent and control variables, the shock, and the measure of disagreement,
according to the latest guidance in Plagborg-Møller and Wolf (2022). Notice that
in this exercise disagreement is measured before the FOMC announcement, using
expectations formed to the meeting so that the state of beliefs is predeter-
mined with respect to the surprise component of the decision. This allows me to
interpret the interaction coefficients as state dependence of monetary transmis-
sion with respect to ex-ante Fed–market misalignment, without post-treatment
contamination from information released at the FOMC itself.

The main coefficients of interest are � h and � h . The former captures the response
of the dependent variable to a positive shock st in the absence of disagreement
(j �D t j = 0 ); the latter measures the effect of the interaction term st j �D t j, that is, it
pins down how the impact of monetary policy depends on the state of alignment
between the Fed and financial markets. In other words, � h can be thought of
as capturing the disagreement state dependence of monetary transmission to the
economy.

As a baseline, I estimate the h regressions in equation (2) using a simple monthly 3-
variable system including the overnight interest rate, the consumer price index, and
industrial production. As for the shocks, I select my own update (Amodeo, 2025)
to the orthogonalized high-frequency monetary surprises introduced by (Bauer and
Swanson, 2023b), although – as I discuss below (§ 3.3.2) – results are robust to the
choice of surprise series. Finally, I select L = 12 lags, which is a customary and

�R�yFor brevity, I use the notation LagsL
t � 1 to denote the collection of lagged regressors: lags of

the dependent and control variables; lags of the shock, disagreement, and interaction term.
�R�RAlternative specifications where disagreement is measured ���7�i�2�t̀he FOMC announcement

are included in Appendix D.2.
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conservative choice, exceeding the selection of both the Akaike and the Schwartz
Information Criteria, and an estimation horizon of three years (h = 36). Estimat-
ing (2) across horizons allows us to evaluate the same impulse response functions
we would obtain from a structural vector autoregression (Plagborg-Møller and
Wolf, 2021).

Impulse Response Functions of Industrial Production to an orthogonalized monetary
policy shock, estimated from lag-augmented local projections, equation (2). Left panel: � h ; right
panel: � h . Confidence bands at 68 and 90% levels. Sample: 1990-2019, N = 358 observations
(excludes 2001M9 for the 9/11 Terrorist Attacks).

Figure 6 displays the estimates of � h and � h over all available observations (N =
358) in the sample (1990-2019).
The left panel (� h) shows a highly significant, marked decrease in industrial pro-
duction starting after a quarter from the impact of the shock. In states of no
disagreement between financial markets and the Fed, the response of output has
the sign predicted by standard economic theory and its dynamics follow a path
that is slightly delayed and reversely hump-shaped, reaching a trough effect at
around five to seven quarters after the impulse, mirroring well-known previous
results.
The right panel (� h) displays the opposite tendency, with a moderately sluggish
but statistically significant positive response that reaches its peak after about a
year from the impact of the shock. The interpretation of this finding is key: in
states of non-null disagreement, the (negative) response of industrial production to
a monetary policy shock is in a way that is proportional to the degree of
misalignment between the interest rate expectations of financial markets and the
Fed. In other words, we observe an of the transmission of monetary
innovations to the real economy that is increasing in the level of disagreement.

In this specification, I normalize j �D t j to have mean one, so as to be able to immedi-
ately compare the magnitudes of the left and right panels. Factoring out the shock
st in equation (2), this normalization aids interpretability, allowing to obtain the
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estimated by OLS simply as the sum � h + � h . As is evident
at first glance, and as I show graphically in Figure D1 in Appendix D, the total
effect is heavily diminished and barely significant after five quarters, consistently
with the low power of orthogonalized surprises documented in Amodeo (2025).

Impulse Response Functions coefficients of Industrial Production to an orthogonalized
monetary policy shock evaluated at each j �D t j at horizon at h = 12 , estimated from lag-augmented
local projections, as in equation (2). Confidence bands at 68 and 90% levels. Sample: 1990-2019,
N = 358 observations (excludes 2001M9 for the 9/11 Terrorist Attacks).

Another useful way to visualize the findings emerging from the regressions in (2)
is to fix the estimated coefficients at a given horizon h and allow the disagreement
level vary in the time series of the sample. I implement this at the natural threshold
of h = 12, around which both measured effects reach their maximum magnitude.
Figure 7 depicts the total average response of industrial production a year after a
monetary shock. The occurrences of total effects are frequent and often
statistically significant. In fact, across the sample, they constitute about 31% of
all point estimates, with more than 2/3 (1/3) statistically significant at the 68%
(90%) confidence level.

Previous unintuitive results capturing expansionary effects of monetary tightenings
have been famously dubbed a “real activity puzzle” by the literature. In turn, the
state-dependence founded on the degree of Fed-markets disagreement documented
in Figure 6, can be further explored to assess if the degree of attenuation can offset
and even revert the baseline contraction in output in specific episodes.

Figure 8 points to the comparison between the effects on the date of mini-
�R�kThe estimation implements Eicker–Huber–White standard errors to allow valid inference

under unknown heteroskedasticity.
�R�jI include the results for h = 6 ; 18; 24 in Appendix D.
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mum occurrence of disagreement, October 1997, and its maximum counterpart, on
August 2009. As expected, states of high disagreement coincide with a reversal
of the expected sign of the response, with an expansion of industrial production
starting after two to three quarters from impact. These findings suggest an ex-
planation to the activity puzzle based on the differential outlooks on future policy
held by financial markets and Fed.

Impulse Response Functions of Industrial Production to an orthogonalized monetary
policy shock, estimated from lag-augmented local projections, equation (2). Left panel: total
marginal effect at (second) minimum absolute average disagreement level, �̂ h + �̂ h j �D 1997:10 j;
right panel: total marginal effect at (second) maximum absolute average disagreement level, �̂ h +
�̂ h j �D 2009:08 j. Confidence bands at 68 and 90% levels. Sample: 1990-2019, N = 358 observations
(excludes 2001M9 for the 9/11 Terrorist Attacks).

Another clarifying episode is December 16, 2015 — the first lift-off from the ZLB.
The monetary surprise was positive (tightening), yet output rose in response. On
that occasion, disagreement about the rate path was positive: the Fed projected
a steeper FFR path than markets. In other words, markets priced a less severe
incoming hiking cycle, i.e. projecting more financial conditions and sup-
porting demand — so the tightening shock was neutralized. Similar sign reversals
appear along the sample in both directions of policy move sign (hike/cut) and
realized surprise sign (tightening/easing).

In summary, I find evidence of a significant, protracted dampening of the transmis-
sion of monetary shocks to the economy depending on the degree of disagreement
between financial markets and the Fed. This attenuation reduces the effectiveness
of policy in a way that is proportional to the on future policy. The pre-
dominant interpretation of the mechanism underpinning monetary non-neutrality
is founded on different forms of intertemporal substitution by a variety of agents

�R�9Minimum and maximum computed after excluding ZLB and restricting to disagreement with
at least five quarters of data. See Appendix D for more episodes.
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(households, firms, financial intermediaries, etc.). In light of this, it is intuitive
to view disagreement as a friction weakening monetary pass-through, at it acts like
a wedge between the policy path the Fed intends to communicate and the path
private agents use in their spending and investment decisions. In Section 4, I will
expand on this theme by leveraging those same fundamental structures governing
intertemporal substitution in the New Keynesian model. Before doing that, how-
ever, I explore the robustness of my findings and control for relevant alternative
mechanisms that may confound this narrative.

3.3.1 Disagreement and Uncertainty

Two identification threats are key: cyclical comovement and uncertainty. Dis-
agreement may rise in weak times or during risk spikes, and it may respond to the
volatility of the economic environment. In fact, disagreement’s endogeneity might
invalidate the state-dependent interpretation of the estimates from the regressions
in (2).

While the conservative lag-augmentation allows for a robust control of the state
of the economy, disagreement seems inherently related to the uncertainty in the
economic environment: a more uncertain or volatile outlook may widen the gap
between Fed and market forecasts. I therefore augment equation (2) one proxy at
a time, interacting the monetary policy shock with ( ) the VIX, ( ) the monthly
Baker et al. (2016) Economic Policy Uncertainty (EPU) index, and ( ) the cross-
sectional dispersion of responses in the Survey of Professional Forecasters (SPF).
Let � t denote one such uncertainty proxy:

y t+ h = ch + � hst + � hst j �D t j + � hst � t + � hLagsL
t � 1 + " t+ h (3)

where LagsL
t � 1 �

�
y t � 1:t � L ; st � 1:t � L ; j �D t :t � L j; � t � 1:t � L ; st � 1:t � L j �D t � 1:t � L j

� 0,
with respective coefficients � h � [ � 1:L

h ; 
 1:L
h ; � 0:L

h ; � 1:L
h ; � 1:L

h ].

As Figure 9 shows for � t = V IX t , the marginal effect of disagreement (right panel)
is left practically intact, while � h – the response of industrial production to a
monetary shock in the absence of disagreement uncertainty – is accentuated.
Appendix D.8 shows that the same conclusion survives when V IX t is replaced
by EPU or SPF dispersion: the right-panel coefficient � h remains positive. This
finding suggests that the attenuation associated with the level of disagreement
in the economy is robust to the inclusion of standard uncertainty controls. This
aligns with previous related questions on macrofinancial variable responses, as in
Zohar (2024) and Benchimol et al. (2023).

�R�8Appendix D.14 decomposes the effects across GDP components: (�B) most of the output
response — baseline and attenuation — runs through consumption and investment; (�B�B) contribu-
tions are proportional between the baseline and attenuation terms, implying uniform attenuation.

�R�eFurther robustness analysis is in Appendix D. For instance, D.6 excludes from the estimation
sample the ZLB era (2008:12-2015:12).

�R�dAppendix D.8 compares the three monthly proxies directly.
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Impulse Response Functions of Industrial Production to an orthogonalized monetary
policy shock, estimated from lag-augmented local projections controlling for V IX t and its lags,
equation (3). Left panel: � h ; right panel: � h . Confidence bands at 68 and 90% levels. Sample:
1991–2019, N = 346 observations (excludes 2001M9 for the 9/11 Terrorist Attacks).

3.3.2 Disagreement and Monetary Surprises

Another valid concern is the potential causal interplay between the shocks proxy,
st and the measure of disagreement adopted, j �D t j (or �D t for an asymmetric speci-
fication, see §3.3.4 below). In fact, even if monetary shocks are exogenous (as sug-
gested by Bauer and Swanson (2023b), Amodeo (2025)), the potential feedback
between the policy surprises and the expected FFR paths of Fed and financial
markets could hinder the inference drawn on the estimated coefficients (Angrist
and Pischke (2009) and Gonçalves et al. (2024)). Intuitively, identification re-
quires the “treatment” – the shock – to be orthogonal to the conditioning state
(mathematically, the interacting variable) – disagreement.

First, I address this by investigating the correlation between the two objects of
interest. In particular, a lead-lag correlation map is useful to understand the dy-
namic relationships between variables over time, allowing for delay or anticipation
in the response of one to the other. Figure 10 displays two maps: on the left,
the correlation between the baseline orthogonalized st and the absolute value of
average disagreement j �D t+ h j, shifted � 12 months; on the right, an alternative
specification of the interacting variable without the absolute value, allowing then
the full range of motion of the conditioning state in the regressions in (2).

All across the two-year range, the correlation between monetary policy shocks and
disagreement is close to zero, and never significant. Appendix D.11 provides a
number of alternative comparisons, using a variety of influential surprise series,
and details the construction of the 95% confidence bands.
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�6�B�;�m�`�2 �R�y�,�G�2�7�i �T���M�2�H�, �G�2���/�@�G���; �+�Q�`�`�2�H���i�B�Q�M �K���T �#�2�i�r�2�2�M �Q�`�i�?�Q�;�Q�M���H�B�x�2�/ �K�Q�M�2�i���`�v �T�Q�H�B�+�v
�b�?�Q�+�F�b�- ���M�/ ���#�b�Q�H�m�i�2 ���p�2�`���;�2 �/�B�b���;�`�2�2�K�2�M�i�X �_�B�;�?�i �T���M�2�H�, �G�2���/�@�G���; �+�Q�`�`�2�H���i�B�Q�M �K���T �#�2�i�r�2�2�M �Q�`�@
�i�?�Q�;�Q�M���H�B�x�2�/ �K�Q�M�2�i���`�v �T�Q�H�B�+�v �b�?�Q�+�F�b�- ���M�/ ���p�2�`���;�2 �/�B�b���;�`�2�2�K�2�M�i�X �N�8�W �+�Q�M�}�/�2�M�+�2 �#���M�/�b �+�Q�K�T�m�i�2�/
�r�B�i�? �6�B�b�?�2�`�ö�bz�@�i�`���M�b�7�Q�`�K �U�2�t���+�i �K�2�i�?�Q�/�V�X �1�b�i�B�K���i�B�Q�M �b���K�T�H�2�, �R�N�N�y�@�k�y�R�N�-N = 358 �Q�#�b�2�`�p���i�B�Q�M�b
�U�2�t�+�H�m�/�2�b �k�y�y�R�J�N �7�Q�` �i�?�2 �N�f�R�R �h�2�`�`�Q�`�B�b�i ���i�i���+�F�b�V�X

�J�Q�`�2�Q�p�2�`�- �A �`�2�T�H���+�2 �i�?�2 �Q�`�i�?�Q�;�Q�M���H�B�x�2�/ �b�m�`�T�`�B�b�2�b �r�B�i�? �H�2���/�B�M�; ���H�i�2�`�M���i�B�p�2 �b�?�Q�+�F
�b�2�`�B�2�b �U�:�2�`�i�H�2�` ���M�/ �E���`���/�B �U�k�y�R�8�V�- �J�B�`���M�/���@���;�`�B�T�T�B�M�Q ���M�/ �_�B�+�+�Q �U�k�y�k�R�V�- �C���`�Q�@
�+�B�–�b�F�B ���M�/ �E���`���/�B �U�k�y�k�y�V�V�- ���M�/ �`�2�@�2�b�i�B�K���i�2 ���H�H �+�Q�`�2 �b�T�2�+�B�}�+���i�B�Q�M�b�X �A ���H�b�Q �2�b�i�B�K���i�2
�i�?�2 �b���K�2 �H�Q�+���H �T�`�Q�D�2�+�i�B�Q�M�b �m�b�B�M�; �i�?�2 �Q�`�B�;�B�M���H �"���m�2�` ���M�/ �a�r���M�b�Q�M �U�k�y�k�j���V �b�?�Q�+�F
�b�2�`�B�2�b�- �`�2�K�Q�p�B�M�; �i�?�2 ���/�D�m�b�i�K�2�M�i �B�M ���K�Q�/�2�Q �U�k�y�k�8�V�X �h�?�2 �B�K�T�m�H�b�2 �`�2�b�T�Q�M�b�2�b ���M�/
�B�M�i�2�`���+�i�B�Q�M �T���i�i�2�`�M�b �`�2�K���B�M �[�m���H�B�i���i�B�p�2�H�v �m�M�+�?���M�;�2�/�, �/�B�b���;�`�2�2�K�2�M�i �b�i�B�H�H ���i�i�2�M�m���i�2�b
�+�Q�M�p�2�M�i�B�Q�M���H �i�`���M�b�K�B�b�b�B�Q�M �Q�M �Q�m�i�T�m�i�X �h�?�B�b �b�i���#�B�H�B�i�v �`�2�/�m�+�2�b �/�2�T�2�M�/�2�M�+�2 �Q�M ���M�v
�Q�M�2 �?�B�;�?�@�7�`�2�[�m�2�M�+�v �B�/�2�M�i�B�}�+���i�B�Q�M �i�2�+�?�M�B�[�m�2�- �K�B�i�B�;���i�2�b �+�Q�M�+�2�`�M�b ���#�Q�m�i �i�?�2 �Q�`�i�?�Q�;�@
�Q�M���H�B�x���i�B�Q�M �i�`�2���i�K�2�M�i�- ���M�/ �B�M�+�`�2���b�2�b �2�t�i�2�`�M���H �p���H�B�/�B�i�v�X �A�M �b�m�K�- �i�?�2 �K�2�+�?���M�B�b�K �B�b
�`�Q�#�m�b�i ���M�/ �2�+�Q�M�Q�K�B�+���H�H�v �b�B�;�M�B�}�+���M�i ���+�`�Q�b�b �/���i���b�2�i�b�- �b���K�T�H�2�b�- ���M�/ �+�Q�M�i�`�Q�H�b�X

�6�B�M���H�H�v�- ���M�Q�i�?�2�` �`�2�H�2�p���M�i �+�Q�M�+�2�`�M �B�b �i�?���i �i�?�2 ���i�i�2�M�m���i�B�Q�M �A �/�Q�+�m�K�2�M�i �K�B�;�?�i �#�2
�b�T�m�`�B�Q�m�b �B�7 �i�?�2 �b�?�Q�+�F �B�i�b�2�H�7 �/�B�z�2�`�b ���+�`�Q�b�b �/�B�b���;�`�2�2�K�2�M�i �b�i���i�2�b�X �A ���/�/�`�2�b�b �i�?�B�b �B�b�@
�b�m�2 �� �i�`�2���i�K�2�M�i �?�Q�K�Q�;�2�M�2�B�i�v �� �B�M ���T�T�2�M�/�B�t�.�X�R�k�- �T�`�Q�+�2�2�/�B�M�; �B�M �i�r�Q �b�i�2�T�b�, �}�`�b�i�-
�A �2�b�i�B�K���i�2 �i�?�2 �b���K�2 �H�Q�+���H �T�`�Q�D�2�+�i�B�Q�M�b �r�B�i�? �i�?�2 �B�M�i�2�`�2�b�i �`���i�2�b �U�6�6�_�- �R�@�v�2���` ���M�/ �k�@
�v�2���` �h�`�2���b�m�`�v �v�B�2�H�/�b�V ���b �Q�m�i�+�Q�K�2 �p���`�B���#�H�2�b�- �B�M�+�H�m�/�B�M�; �#���b�2�H�B�M�2 ���M�/ �Q�i�?�2�` �B�M�~�m�2�M�i�B���H
�b�?�Q�+�F �b�2�`�B�2�b �U�.�X�R�k�X�R�c�.�X�R�k�X�k�V�c �b�2�+�Q�M�/�- �A �2�t�T�H�B�+�B�i�H�v �i�2�b�i �i�?���i �i�?�2 �B�/�2�M�i�B�}�2�/ �b�?�Q�+�F �B�b
�/�B�b�i�`�B�#�m�i�B�Q�M���H�H�v �B�M�p���`�B���M�i ���+�`�Q�b�b �/�B�b���;�`�2�2�K�2�M�i �[�m���`�i�B�H�2�b �U�.�X�R�k�X�j�V�X
���H�i�?�Q�m�;�? �i�?�2 �6�6�_ �b�?�Q�r�b �b�H�B�;�?�i�H�v �/�B�z�2�`�2�M�i�B���H �2�z�2�+�i�b ���+�`�Q�b�b �/�B�b���;�`�2�2�K�2�M�i �b�i���i�2�b�-
�i�?�2�b�2 �;�Q �B�M �i�?�2 �Q�T�T�Q�b�B�i�2 �/�B�`�2�+�i�B�Q�M ���b �i�?�2�v �r�Q�m�H�/ �i�Q �2�t�T�H���B�M �i�?�2 �2�p�B�/�2�M�+�2 �Q�7 ���i�@
�i�2�M�m���i�B�Q�M �U�6�B�;�m�`�2�.�R�e�V�- �b�i�`�2�M�;�i�?�2�M�B�M�;�- �B�7 ���M�v�i�?�B�M�;�- �i�?�2 �`�Q�H�2 �Q�7 �/�B�b���;�`�2�2�K�2�M�i �B�M
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���M�/ �a�r���M�b�Q�M �U�k�y�k�j�#�V�X �G�2�7�i �T���M�2�H�,� h �c �`�B�;�?�i �T���M�2�H�,� h �X �*�Q�M�}�/�2�M�+�2 �#���M�/�b ���i �e�3 ���M�/ �N�y�W �H�2�p�2�H�b�X
�a���K�T�H�2�, �R�N�N�y�@�k�y�R�N�-N = 358 �Q�#�b�2�`�p���i�B�Q�M�b �U�2�t�+�H�m�/�2�b �k�y�y�R�J�N �7�Q�` �i�?�2 �N�f�R�R �h�2�`�`�Q�`�B�b�i ���i�i���+�F�b�V�X

�J�B�b�b�T�2�+�B�}�+���i�B�Q�M �b�2�M�b�B�i�B�p�B�i�v�X���T�T�2�M�/�B�t�.�X�N�B�K�T�H�2�K�2�M�i�b �i�?�2 �b�2�M�b�B�i�B�p�B�i�v ���M���H�v�@
�b�B�b �Q�7 �A�K�#�2�M�b �U�k�y�y�j�V �i�Q ���/�/�`�2�b�b�;�2�M�2� �̀��H�+�Q�M�+�2�`�M�b ���#�Q�m�i �Q�K�B�i�i�2�/ �p���`�B���#�H�2�b�X �A�M�i�2�`�@
�T�`�2�i�B�M�; �� �;�2�M�2�`�B�+ �K�B�b�b�T�2�+�B�}�+���i�B�Q�M �+�Q�M�+�2�`�M ���b ���M �m�M�Q�#�b�2�`�p�2�/ �+�Q�M�7�Q�m�M�/�2�`Ut �+�Q�`�`�2�@
�H���i�2�/ �r�B�i�? �#�Q�i�? �i�?�2 �B�M�i�2�`���+�i�B�Q�M �i�2�`�Kst j �D t j ���M�/ �i�?�2 �Q�m�i�+�Q�K�2y t+ h �- �i�?�2 �K�2�i�?�Q�/ ���b�F�b
�?�Q�r �K�m�+�? �Q�7 �i�?�2� �̀2�b�B�/�m���H�p���`�B���i�B�Q�M �B�M �2���+�? �Q�#�D�2�+�iUt �K�m�b�i �2�t�T�H���B�M �i�Q �Q�p�2�`�i�m�`�M �i�?�2
�#���b�2�H�B�M�2 �2�b�i�B�K���i�2�X �6�Q�` �B�M�/�m�b�i�`�B���H �T�`�Q�/�m�+�i�B�Q�M ���ih = 12�- �i�?�2 �b�v�K�K�2�i�`�B�+ �`�Q�#�m�b�i�M�2�b�b
�p���H�m�2 �B�br 2

min = 12:5%�, ���M �Q�K�B�i�i�2�/ �p���`�B���#�H�2 �r�Q�m�H�/ �M�2�2�/ �i�Q ���+�+�Q�m�M�i �7�Q�` ���i �H�2���b�i
12:5% �Q�7 �i�?�2 �`�2�b�B�/�m���H �p���`�B���M�+�2 �B�M�#�Q�i�?�i�?�2 �B�M�i�2�`���+�i�B�Q�M �i�2�`�K ���M�/ �i�?�2 �Q�m�i�+�Q�K�2 �U���7�i�2�`
�T���`�i�B���H�H�B�M�; �Q�m�i ���H�H �+�Q�M�i�`�Q�H�b�V �i�Q �`�2�p�2�`�b�2 �i�?�2 �b�B�;�M �Q�7�̂ 12�X ���b �� �#�2�M�+�?�K���`�F�- �o�A�s ��
�K���D�Q�` �K�2���b�m�`�2 �Q�7 �p�Q�H���i�B�H�B�i�v ���M�/ �T�Q�i�2�M�i�B���H �+�Q�M�7�Q�m�M�/�2�` �� �2�t�T�H���B�M�b �Q�M�H�v3:2% �Q�7 �i�?�2
�`�2�b�B�/�m���H �p���`�B���M�+�2 �B�Mst j �D t j�- �B�K�T�H�v�B�M�; �i�?���i �Q�p�2�`�i�m�`�M�B�M�; �i�?�2 �`�2�b�m�H�i �r�Q�m�H�/ �`�2�[�m�B�`�2 ��
�+�Q�M�7�Q�m�M�/�2�` �b�m�#�b�i���M�i�B���H�H�v �K�Q�`�2 �T�`�2�/�B�+�i�B�p�2 �Q�7 �i�?�2 �B�M�i�2�`���+�i�B�Q�M �i�2�`�K �i�?���M �b�i���M�/���`�/
�m�M�+�2�`�i���B�M�i�v �T�`�Q�t�B�2�b�X�k�y

�j�X�j�X�9 ���b�v�K�K�2�i�`�B�+ �.�B�b���;�`�2�2�K�2�M�i

�h�?�2 �H�Q�+���H �T�`�Q�D�2�+�i�B�Q�M �b�T�2�+�B�}�+���i�B�Q�M �B�M �U�k�V �i�`�2���i�b �/�B�b���;�`�2�2�K�2�M�i�ö�b �2�z�2�+�i �b�v�K�K�2�i�`�B�+���H�H�v�-
�B�X�2�X�- �B�i �/�Q�2�b �M�Q�i �/�B�b�i�B�M�;�m�B�b�? �#�2�i�r�2�2�M �+���b�2�b �r�?�2�`�2 �i�?�2 �6�2�/�ö�b �T�`�Q�D�2�+�i�B�Q�M�b �7�Q�` �i�?�2 �6�6�_
���`�2 �?�B�;�?�2�` �i�?���M �i�?�2 �K���`�F�2�i�ö�b ���M�/ �p�B�+�2 �p�2�`�b���X �� �M���i�m�`���H �2�t�i�2�M�b�B�Q�M�- �i�?�2�M�- �B�b �i�Q ���H�H�Q�r

�k�y�J�Q�`�2�Q�p�2�`�- �i�?�B�b �B�b �Q�M�H�v �� �M�2�+�2�b�b���`�v �+�Q�M�/�B�i�B�Q�M�, ���/�/�B�i�B�Q�M���H�H�v�- �m�M�Q�#�b�2�`�p�2�/ �+�Q�M�7�Q�m�M�/�2�`U �b�?�Q�m�H�/
�2�t�T�H���B�M �� �+�Q�K�T���`���#�H�2 �b�?���`�2 �Q�7 �`�2�b�B�/�m���H �p���`�B���i�B�Q�M �B�M �i�?�2 �Q�m�i�+�Q�K�2�- �K���F�B�M�; �B�i ���M �2�t�i�`�2�K�2�H�v �?�B�;�? �#���`�X

�k�9



�/�B�b���;�`�2�2�K�2�M�i �i�Q ���z�2�+�i �K�Q�M�2�i���`�v �i�`���M�b�K�B�b�b�B�Q�M �?�2�i�2�`�Q�;�2�M�2�Q�m�b�H�v�- �/�2�T�2�M�/�B�M�; �Q�M �B�i�b
�b�B�;�M ���b �r�2�H�H ���b �B�i�b �K���;�M�B�i�m�/�2�X �h�Q �b�i�m�/�v �i�?�B�b�- �A ���/�p���M�+�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�T�2�+�B�}�+���i�B�Q�M�,

�D +
t = max( �D t ; 0); �D �

t = min( �D t ; 0)

y t+ h = ch + � hst + � +
h (st �D +

t ) + � �
h (st �D �

t ) + �G���;�bLt � 1 + " t+ h

�U�9�V

�r�B�i�? �i�?�2 �M�Q�i���i�B�Q�M �#�Q�`�`�Q�r�B�M�; �7�`�Q�K �i�?�2 �T�`�2�p�B�Q�m�b �b�T�2�+�B�}�+���i�B�Q�M�b �B�M �2�[�m���i�B�Q�M �U�k�V�X �h�Q
�+�H���`�B�7�v�- �A �i�`�2���i�D +

t ���M�/ �D �
t ���b �i�?�2 �T�Q�b�B�i�B�p�2 ���M�/ �M�2�;���i�B�p�2 �T���`�i�b �Q�7�D t �- �b�Qj �D t j =

�D +
t � �D �

t �X �A�M�+�`�2���b�B�M�;�D +
t �Q�` �K���F�B�M�;�D �

t �K�Q�`�2 �M�2�;���i�B�p�2� �̀��B�b�2�b�i�?�2 �/�B�b�i���M�+�2 �7�`�Q�K
�x�2�`�Q�- �b�Q �7�Q�`st > 0 ���i�i�2�M�m���i�B�Q�M �+�Q�`�`�2�b�T�Q�M�/�b �i�Q� +

h > 0 ���M�/� �
h < 0�X�k�R

���b �B�M �T�`�2�p�B�Q�m�b �b�T�2�+�B�}�+���i�B�Q�M�b�-� h �B�b �i�?�2 �#���b�2�H�B�M�2 �B�K�T�m�H�b�2 �`�2�b�T�Q�M�b�2 ���i �x�2�`�Q �/�B�b���;�`�2�2�@
�K�2�M�i�- �r�?�B�H�2� +

h ���M�/� �
h �H�Q���/ �i�?�2 �b�?�Q�+�F �#�v �i�?�2 �T�Q�b�B�i�B�p�2 ���M�/ �M�2�;���i�B�p�2 �+�Q�K�T�Q�M�2�M�i�b �Q�7

�/�B�b���;�`�2�2�K�2�M�i�X �6�B�;�m�`�2�R�k�b�?�Q�r�b �i�?���i ���i�i�2�M�m���i�B�Q�M �Q�7 �i�?�2 �`�2�b�T�Q�M�b�2 �Q�7 �B�M�/�m�b�i�`�B���H �T�`�Q�@
�/�m�+�i�B�Q�M �U�B�X�2�X�- �� �H�2�b�b �M�2�;���i�B�p�2 �A�_�6 �7�Q�` �A�S�V �Q�#�i���B�M�b �r�?�2�M� +

h > 0 �7�Q�`�D +
t > 0 ���M�/ �r�?�2�M

� �
h < 0 �7�Q�`�D �

t < 0�X �1�K�T�B�`�B�+���H�H�v�- �i�?�2 �T�Q�B�M�i �2�b�i�B�K���i�2�b ���H�B�;�M �r�B�i�? �i�?�B�b �T�`�2�/�B�+�i�B�Q�M �Q�M
�#�Q�i�? �b�B�/�2�b �Q�7 �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M ���+�`�Q�b�b �?�Q�`�B�x�Q�M�b�- �B�K�T�H�v�B�M�; �i�?���i �H���`�;�2�` �/�B�b���;�`�2�2�K�2�M�i
�� �r�?�2�i�?�2�` �i�?�2 �6�2�/ �T�`�Q�D�2�+�i�b ���#�Q�p�2 �Q�` �#�2�H�Q�r �K���`�F�2�i�b �� �b�v�b�i�2�K���i�B�+���H�H�v �/���K�T�2�M�b
�K�Q�M�2�i���`�v �i�`���M�b�K�B�b�b�B�Q�M �i�Q �`�2���H ���+�i�B�p�B�i�v�X

�h�Q ���B�/ �B�M�i�2�`�T�`�2�i���i�B�Q�M�-D +
t ���M�/D �

t ���`�2 �`�2�b�+���H�2�/ �b�Q �i�?���i �i�?�2�B�` �+�Q�2�{�+�B�2�M�i�b �+���M �#�2
�`�2���/ ���b ���i�i�2�M�m���i�B�Q�M ���i �ó�i�v�T�B�+���H�ô �U���p�2�`���;�2�V �H�2�p�2�H�b �Q�7 �i�?�2 �T���`�i�B�i�B�Q�M�2�/ �/�B�b���;�`�2�2�K�2�M�i�X
�q�?�B�H�2 �+�Q�M�}�/�2�M�+�2 �#���M�/�b �r�B�/�2�M �Q�M�+�2 �`�B�+�? �H���; �b�i�`�m�+�i�m�`�2�b ���`�2 �B�M�+�H�m�/�2�/ �� �m�M�b�m�`�T�`�B�b�B�M�;
�;�B�p�2�M �i�?�2 �T�`�Q�H�B�7�2�`���i�B�Q�M �Q�7 �`�2�;�`�2�b�b�Q�`�b �� �i�?�2 �b�?���T�2 ���M�/ �`�2�H���i�B�p�2 �K���;�M�B�i�m�/�2 �Q�7b�

+
h

���M�/b�
�
h ���`�2 �`�2�K���`�F���#�H�v �b�B�K�B�H���`�- �b�m�;�;�2�b�i�B�M�; �i�?���i �i�?�2 �H�2�p�2�H �Q�7 �/�B�b���;�`�2�2�K�2�M�i�- �`���i�?�2�`

�i�?���M �B�i�b �b�B�;�M�- �B�b �i�?�2 �F�2�v �b�i���i�2 �p���`�B���#�H�2 �7�Q�` �i�`���M�b�K�B�b�b�B�Q�M�X �A�M �`�B�+�?�2�` �b�v�b�i�2�K�b �Q�7
�2�[�m���i�B�Q�M�b �U�B�M�+�H�m�/�B�M�;EBP t ���M�/�f�Q�ÙNEMP t ; PCOMM t �V�- �i�?�B�b �}�M�/�B�M�; �B�b �2�p�2�M
�K�Q�`�2 �T�`�2�/�Q�K�B�M���M�i�- ���M�/ �i�?�B�b �b�v�K�K�2�i�`�v �B�M �i�?�2 �2�z�2�+�i�b �2�K�2�`�;�2�b �+�H�2���`�H�v�- �r�B�i�? �i�?�2
�Q�M�H�v �/�B�z�2�`�2�M�+�2 �#�2�B�M�; �i�?���i �M�2�;���i�B�p�2 �/�B�b���;�`�2�2�K�2�M�i ���T�T�2���`�b �i�Q �?���p�2 �K�Q�`�2 �T�2�`�b�B�b�i�2�M�i
���i�i�2�M�m���i�B�M�; �2�z�2�+�i�b�X

�k�R�A ���K �B�M�i�2�`�2�b�i�2�/ �B�M �B�M�+�`�2���b�2�b �B�Mj �D t j�X �P�M �i�?�2 �M�2�;���i�B�p�2 �b�B�/�2 �i�?�B�b �K�2���M�b�D �
t �#�2�+�Q�K�B�M�; �K�Q�`�2

�M�2�;���i�B�p�2�X �a�B�M�+�2j �D �
t j = � �D �

t ; @�A�_�6IPt + h =@j �D �
t j = � � �

h st �c �?�2�M�+�2� �
h < 0 �B�K�T�H�B�2�b ���i�i�2�M�m���i�B�Q�M�X

�k�8



�6�B�;�m�`�2 �R�k�,�A�K�T�m�H�b�2 �_�2�b�T�Q�M�b�2 �6�m�M�+�i�B�Q�M�b �Q�7 �A�M�/�m�b�i�`�B���H �S�`�Q�/�m�+�i�B�Q�M �i�Q ���M �Q�`�i�?�Q�;�Q�M���H�B�x�2�/ �K�Q�M�2�i���`�v
�T�Q�H�B�+�v �b�?�Q�+�F�- �2�b�i�B�K���i�2�/ �7�`�Q�K �H���;�@���m�;�K�2�M�i�2�/ �H�Q�+���H �T�`�Q�D�2�+�i�B�Q�M�b�- �2�[�m���i�B�Q�M �U�9�V�X �G�2�7�i �T���M�2�H�,� +

h �c �`�B�;�?�i
�T���M�2�H�,� �

h �X �*�Q�M�}�/�2�M�+�2 �#���M�/�b ���i �e�3 ���M�/ �N�y�W �H�2�p�2�H�b�X �a���K�T�H�2�, �R�N�N�y�@�k�y�R�N�-N = 358 �Q�#�b�2�`�p���i�B�Q�M�b
�U�2�t�+�H�m�/�2�b �k�y�y�R�J�N �7�Q�` �i�?�2 �N�f�R�R �h�2�`�`�Q�`�B�b�i ���i�i���+�F�b�V�X

�j�X�9 �*�Q�K�T���`�B�M�; �6�Q�`�2�+���b�i �S�2�`�7�Q�`�K���M�+�2

�h�?�2 ���i�i�2�M�m���i�B�Q�M �2�p�B�/�2�M�+�2 �`���B�b�2�b �� �M���i�m�`���H �[�m�2�b�i�B�Q�M�X �A�M �b�i���M�/���`�/ �K�Q�/�2�H�b �7�2���i�m�`�B�M�;
�i�?�2 �ó�B�M�7�Q�`�K���i�B�Q�M �+�?���M�M�2�H�ô�- �� �T�Q�H�B�+�v �b�m�`�T�`�B�b�2 �T���`�i�H�v �`�2�p�2���H�b �i�?�2 �6�2�/�ö�b �T�`�B�p���i�2 �B�M�@
�7�Q�`�K���i�B�Q�M ���#�Q�m�i �7�m�M�/���K�2�M�i���H�b�X �.�Q�2�b �i�?�2 �6�2�/ �T�Q�b�b�2�b�b ���M �B�M�7�Q�`�K���i�B�Q�M���H �2�/�;�2 �Q�p�2�`
�K���`�F�2�i�b�\ �A�7 �b�Q�- �i�?�B�b �M���`�`���i�B�p�2 �r�Q�m�H�/ �B�K�T�H�v �b�m�T�2�`�B�Q�` �7�Q�`�2�+���b�i�b �Q�7 �i�?�2 �T�Q�H�B�+�v �T���i�?�X �A
�i�2�b�i �i�?�B�b �+�Q�`�Q�H�H���`�v�X �A�M �Q�`�/�2�` �i�Q �;���m�;�2 ���M�v �2�p�B�/�2�M�+�2 �Q�7 �b�m�T�2�`�B�Q�` �`�2�H�B���#�B�H�B�i�v �7�Q�` �6�2�/�2�`���H
�6�m�M�/�b �_���i�2 �7�Q�`�2�+���b�i�b�- �A �+�Q�K�T���`�2 ���+�+�m�`���+�v ���+�`�Q�b�b �7�Q�`�2�+���b�i�2�`�b���6�2�/ �b�i���z �U�h�2���H�#�Q�Q�F�V
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DM h =
�dhp

Var( �dh)
� N (0; 1)
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t;h = ( yt � Fi

t � h(yt ))2; dt;h = eM
t;h � eF

t;h ; �dh =
1
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�7�Q�`�2�+���b�i�b ���b �i�?�2 �#�2�M�+�?�K���`�F�- �#�m�i �b�m�`�p�2�v�b ���`�2 �B�M�7�`�2�[�m�2�M�i ���M�/ �M�Q�i �b�v�M�+�?�`�Q�M�B�x�2�/ �r�B�i�?
�6�P�J�* �K�2�2�i�B�M�;�b �Q�` �6�2�/ �7�Q�`�2�+���b�i�b�- �M�2�+�2�b�b�B�i���i�B�M�; �i�B�K�B�M�; ���b�b�m�K�T�i�B�Q�M�b�X �A �H�2�p�2�`���;�2
�i�?�2 �?�B�;�?�@�7�`�2�[�m�2�M�+�v �K���`�F�2�i �2�t�T�2�+�i���i�B�Q�M�b �/�2�`�B�p�2�/ �7�`�Q�K �7�2�/�2�`���H �7�m�M�/�b �7�m�i�m�`�2�b �i�Q �`�2�@
�2�b�i�B�K���i�2 �i�?�2�B�` �i�2�b�i�X ���b ���H�`�2���/�v �/�B�b�+�m�b�b�2�/�- �i�`���/�2�/ �2�t�T�2�+�i���i�B�Q�M�b �+���M �#�2 �T�`�2�+�B�b�2�H�v
���H�B�;�M�2�/ �r�B�i�? �i�?�2 �h�2���H�#�Q�Q�F �B�M�7�Q�`�K���i�B�Q�M �+�m�i�Q�z ���M�/ �+�Q�M�i�B�M�m�Q�m�b�H�v �m�T�/���i�2�/�- �2�M�b�m�`�@

�k�3



�B�M�; �+�Q�K�T���`���#�H�2 �B�M�7�Q�`�K���i�B�Q�M �b�2�i�b ���M�/ �~�2�t�B�#�B�H�B�i�v �B�M �i�2�b�i�B�M�; �i�?�2 �`�Q�#�m�b�i�M�2�b�b �Q�7 �i�?�2
���T�T�`�Q���+�?�X �h�?�B�b �B�K�T�`�Q�p�2�/ �i�B�K�B�M�; �2�M�?���M�+�2�b �i�?�2 �+�`�2�/�B�#�B�H�B�i�v �Q�7 �i�?�2 �B�M�7�Q�`�K���i�B�Q�M���H ���/�@
�p���M�i���;�2 �i�2�b�i�- �2�t�i�2�M�/�B�M�; �B�i�b �/�Q�K���B�M ���M�/ �Q�z�2�`�B�M�; �� �K�Q�`�2 �b�i�`�B�M�;�2�M�i �7�`���K�2�r�Q�`�F �7�Q�`
���b�b�2�b�b�B�M�; �i�?�2 �+�Q�M�D�2�+�i�m�`�2�/ �6�2�/�ö�b �7�Q�`�2�+���b�i�B�M�; �2�/�;�2�X�k�9

�A �`�2�b�i���i�2 �i�?�2 �i�2�b�i�ö�b �H�Q�;�B�+�- �`�2�T�H�B�+���i�2 �B�i �B�M �� �`�2�}�M�2�/ �p�2�`�b�B�Q�M �`�2�T�H���+�B�M�; �b�m�`�p�2�v �/���i�� �r�B�i�?
�i�?�2 �T�`�2�+�B�b�2�H�v �i�B�K�2�/�- �T�`�B�+�2�/�@�B�M �K���`�F�2�i �2�t�T�2�+�i���i�B�Q�M�b�- ���M�/ �/�B�b�+�m�b�b �i�?�2 �`�2�K���`�F���#�H�v �/�B�7�@
�7�2�`�2�M�i �}�M�/�B�M�;�b�X �h�?�B�b �T�`�2�b�2�`�p�2�b �i�?�2 �Q�`�B�;�B�M���H �/�2�b�B�;�M �r�?�B�H�2 �v�B�2�H�/�B�M�; �+�H�2���M�2�` �B�M�7�2�`�2�M�+�2
���M�/ �+�Q�`�`�Q�#�Q�`���i�B�M�; �i�?�2 �2�p�B�/�2�M�+�2 �2�K�2�`�;�2�/ �7�`�Q�K �i�?�2 �.�B�2�#�Q�H�/�@�J���`�B���M�Q �i�2�b�i�b�X

���b �B�M �>�Q�2�b�+�? �2�i ���H�X �U�k�y�k�j�V�- �A �2�b�i�B�K���i�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �`�2�;�`�2�b�b�B�Q�M �7�Q�`x t = FFR t �,

x t+ h � x �J
t+ hjt = � + � F xF

t+ hjt + � M xM
t+ hjt + � t+ h ; �U�8�V

�r�?�2�`�2xF
t+ hjt �/�2�M�Q�i�2�b �i�?�2 �6�2�/�2�`���H �_�2�b�2�`�p�2�ö�b �:�`�2�2�M�#�Q�Q�F�f�h�2���H�#�Q�Q�F �7�Q�`�2�+���b�i ���M�/xM

t+ hjt
�B�b �i�?�2 �T�`�B�p���i�2 �b�2�+�i�Q�`�ö�b �T�`�B�+�2�/�@�B�M �7�Q�`�2�+���b�i ���i �i�?�2 �b���K�2 �?�Q�`�B�x�Q�M�X �h�?�2 �M�m�H�H �?�v�T�Q�i�?�2�b�B�b
H0 : � F = 0 �i�2�b�i�b �r�?�2�i�?�2�` �i�?�2 �6�2�/�ö�b �7�Q�`�2�+���b�i ���/�/�b �M�Q �B�M�7�Q�`�K���i�B�Q�M �#�2�v�Q�M�/ �i�?�2 �K���`�@
�F�2�i�b�ö �T�`�2�/�B�+�i�B�Q�M�X �� �b�B�;�M�B�}�+���M�i� F �B�M�/�B�+���i�2�b �i�?���i �i�?�2 �6�2�/ �T�Q�b�b�2�b�b�2�b ���M �B�M�7�Q�`�K���i�B�Q�M���H
���/�p���M�i���;�2�- ���b �7�Q�`�2�+���b�i�2�`�b �r�Q�m�H�/ �Q�T�i�B�K���H�H�v �r�2�B�;�?�i �#�Q�i�? �7�Q�`�2�+���b�i�b �`���i�?�2�` �i�?���M �`�2�H�v
�Q�M �i�?�2 �T�`�B�p���i�2 �7�Q�`�2�+���b�i ���H�Q�M�2�X

�6�Q�H�H�Q�r�B�M�; �+�H�Q�b�2�H�v �i�?�2 �K�2�i�?�Q�/�Q�H�Q�;�v �B�M �>�Q�2�b�+�? �2�i ���H�X �U�k�y�k�j�V�- �A ���H�H�Q�r �7�Q�` �i�B�K�2 �p���`�B���i�B�Q�M
�B�M �#�v �2�b�i�B�K���i�B�M�; �U�8�V �B�M �`�Q�H�H�B�M�; �r�B�M�/�Q�r�b �Q�7 �b�B�x�2m �U�K�2�2�i�B�M�;�b�V�- �Q�#�i���B�M�B�M�;�̂ F

t ���i �2���+�?
�K�B�/�@�r�B�M�/�Q�rt�X �h�?�2�M�- �i�?�2 �i�@�b�i���i�B�b�i�B�+ �#�2�H�Q�r �B�b �+���H�+�m�H���i�2�/�,

� F
t = �̂ F

t

. q
�̂ 2

F =m �U�e�V

���M�/ �i�?�2 �ó�A�M�7�Q�`�K���i�B�Q�M�@���/�p���M�i���;�2 �6�H�m�+�i�m���i�B�Q�M �i�2�b�i �b�i���i�B�b�i�B�+�ô �+�Q�`�`�2�b�T�Q�M�/�b �i�Q

I F = max
t

�
� � F

t

�
� : �U�d�V

�>�2�`�2̂� 2
F �B�b �� �?�2�i�2�`�Q�b�F�2�/���b�i�B�+�B�i�v ���M�/ ���m�i�Q�+�Q�`�`�2�H���i�B�Q�M �+�Q�M�b�B�b�i�2�M�i �2�b�i�B�K���i�2 �U�L�2�r�2�v��

�q�2�b�i�V �Q�7 �i�?�2 �/�B���;�Q�M���H �2�H�2�K�2�M�i �Q�7 �i�?�2 �p���`�B���M�+�2 �K���i�`�B�t �U�B�X�2�X�-�̂ F
t �ö�b �p���`�B���M�+�2�V �r�B�i�?�B�M

�i�?�2 �r�B�M�/�Q�r�X�k�8

�h�?�2 �M�m�H�HH0 : � F
t = 0 8 t �U�M�Q �B�M�7�Q�`�K���i�B�Q�M���H ���/�p���M�i���;�2 ���i ���M�v �i�B�K�2�V �B�b �`�2�D�2�+�i�2�/

�r�?�2�MI F �2�t�+�2�2�/�b �B�i�b �b�B�K�m�H���i�2�/ �+�`�B�i�B�+���H �p���H�m�2�c�k�e �`�2�D�2�+�i�B�Q�M �B�K�T�H�B�2�b ���M �B�M�7�Q�`�K���i�B�Q�M

�k�9�6�Q�` �B�M�b�i���M�+�2�- �A �`�2�T�H�B�+���i�2 �i�?�2 �i�2�b�i �M�Q�i �Q�M�H�v �i�B�K�B�M�; �K���`�F�2�i�b�ö �7�Q�`�2�+���b�i �i�Q �i�?�2 �h�2���H�#�Q�Q�F �+�m�i�Q�z
�/���i�2�- �#�m�i �A ���H�b�Q �2�t�T�2�`�B�K�2�M�i �r�B�i�? �Q�M�2 ���M�/ �i�?�`�2�2 �/���v�b �B�M ���/�p���M�+�2 �7�m�i�m�`�2�b �T�`�B�+�2�b�- �i�Q ���H�H�Q�r �� �#�m�z�2�` �B�M
�+���b�2 �i�?�2 �h�2���H�#�Q�Q�F �T�`�2�/�B�+�i�B�Q�M�b �r�2�`�2 �7�Q�`�K�m�H���i�2�/ �#�2�7�Q�`�2 �i�?�2�B�` �`�2�H�2���b�2 �/���i�2�X ���T�T�2�M�/�B�t�.�X�R�8�X�R�`�2�T�Q�`�i�b
�i�?�2 ���/�/�B�i�B�Q�M���H �`�2�b�m�H�i�b�X

�k�8�G�2�ibVt �#�2 �i�?�2 �L�2�r�2�v���q�2�b�i �2�b�i�B�K���i�2 �Q�7 �i�?�2 �H�Q�M�;�@�`�m�M �p���`�B���M�+�2 �K���i�`�B�tV �B�M �i�?�2m�@�Q�#�b�2�`�p���i�B�Q�M
�r�B�M�/�Q�r ���i �i�B�K�2t�X �.�2�}�M�2

�̂ 2
F := e0

F
bVt eF = [ bVt ]F F ; dVar( �̂ t ) = bVt =m:

�k�e�*�`�B�i�B�+���H �p���H�m�2�b ���`�2 �i�?�2 �i�r�Q�@�b�B�/�2�/ �i�@�b�i���i�B�b�i�B�+�b ���M���H�Q�; �i�Q �i�?�2 �q���H�/ �i�2�b�i �p���H�m�2�b �7�Q�` �i�?�2 �b�m�`�p�2�v ���M�/
�K�Q�/�2�H�@�7�`�2�2 �7�Q�`�2�+���b�i�b �`�2�T�Q�`�i�2�/ �B�M �h���#�H�2 �A�A�- �S���M�2�H �* �Q�7 �_�Q�b�b�B ���M�/ �a�2�F�?�T�Q�b�v���M �U�k�y�R�e�V�- �`�2�b�B�K�m�H���i�2�/
�i�Q �+�H�Q�b�2�H�v �K���i�+�? �i�?�2 �b���K�T�H�2 �b�B�x�2 ���M�/ �`�Q�H�H�B�M�; �r�B�M�/�Q�r �b�B�x�2�X

�k�N



���/�p���M�i���;�2 �ó���i �b�Q�K�2 �T�Q�B�M�i �B�M �i�B�K�2�ô�X�k�d

�6�B�;�m�`�2 �R�9�, �A�M�7�Q�`�K���i�B�Q�M ���/�p���M�i���;�2���6�6�_�X�_�Q�H�H�B�M�;t �@�b�i���i�B�b�i�B�+�b� F
t �7�`�Q�K �U�8�V�- �2�b�i�B�K���i�2�/ �B�M

m = 30 ���K�2�2�i�B�M�; �r�B�M�/�Q�r�b �U�/���i�2�/ ���i �i�?�2 �K�B�/�T�Q�B�M�i�V�X �.���b�?�2�/ �`�2�/ �H�B�M�2�b ���`�2 �i�?�2 �i�r�Q�@�b�B�/�2�/ �8�W �_�Q�b�b�B
���M�/ �a�2�F�?�T�Q�b�v���M �U�k�y�R�e�V �+�`�B�i�B�+���H �p���H�m�2�b�X �>���* �b�X�2�X ���`�2 �L�2�r�2�v���q�2�b�i �r�B�i�? �#���M�/�r�B�/�i�?m1=4 �X �J���`�F�2�i
�7�Q�`�2�+���b�i�b ���`�2 �2�t�i�`���+�i�2�/ �7�`�Q�K �6�2�/ �6�m�M�/�b �6�m�i�m�`�2�b ���H�B�;�M�2�/ �i�Q �i�?�2 �h�2���H�#�Q�Q�F �+�m�i�Q�z�X

�6�B�;�m�`�2�R�9�/�B�b�T�H���v�b �i�?�2 �i�2�b�i �`�2�b�m�H�i�b ���ih = 1 ; : : : ; 8 �[�m���`�i�2�`�b �?�Q�`�B�x�Q�M�b�X �*�Q�K�T���`�B�M�;
�r�B�i�? �i�?�2 �`�2�b�m�H�i�b �`�2�T�Q�`�i�2�/ �B�M �6�B�;�m�`�2 �k �Q�7 �>�Q�2�b�+�? �2�i ���H�X �U�k�y�k�j�V�- �i�?�2 �/�B�z�2�`�2�M�+�2 �B�b
�b�i�`�B�F�B�M�;�X�k�3 �h�?�2 �`�Q�H�H�B�M�; �b�i���i�B�b�i�B�+�b� F

t ���`�2 �Q�p�2�`�r�?�2�H�K�B�M�;�H�v �#�2�H�Q�r �i�?�2 �i�r�Q���b�B�/�2�/ �8�W
�#���M�/�b ���i �b�?�Q�`�i ���M�/ �K�2�/�B�m�K �?�Q�`�B�x�Q�M�b�- ���M�/ �i�?�2�v �`�2�K���B�M �r�2�H�H �r�B�i�?�B�M �i�?�2 �#���M�/�b

�k�d�� �`�2�D�2�+�i�B�Q�M �`�m�H�2�b �Q�m�i �i�?�2 �?�v�T�Q�i�?�2�b�B�b �i�?���i �i�?�2 �+�2�M�i�`���H �#���M�F �M�2�p�2�` �?���/ ���M �B�M�7�Q�`�K���i�B�Q�M ���/�@
�p���M�i���;�2�X �S�`�2�p�B�Q�m�b �b�i�m�/�B�2�b �m�b�B�M�; �b�m�`�p�2�v�b �`�2�T�Q�`�i ���M �2�p�B�/�2�M�i ���/�p���M�i���;�2�c �#�v �+�Q�M�i�`���b�i�- �K�v �`�2�b�m�H�i�b
�+�Q�M�i�`���/�B�+�i �i�?�B�b�- ���b �i�?�2 �b�i���i�B�b�i�B�+ �+�`�Q�b�b�2�b �i�?�2 �+�`�B�i�B�+���H �#���M�/�b �Q�M�H�v �2�T�B�b�Q�/�B�+���H�H�v�X

�k�3�A�M ���T�T�2�M�/�B�t�.�X�R�8�- �A �`�2�T�Q�`�i �i�?�2 �`�2�b�m�H�i�b �7�Q�` �� �p���`�B�2�i�v �Q�7 �r�B�M�/�Q�r �H�2�M�;�i�?�b ���M�/ �r�B�M�/�Q�r�f�b���K�T�H�2
�`���i�B�Q�b�- �B�M�+�H�m�/�B�M�; �i�?�2m = 60 �>�Q�2�b�+�? �2�i ���H�X �U�k�y�k�j�V �B�K�T�H�2�K�2�M�i �i�Q �7���+�B�H�B�i���i�2 �i�?�2 �+�Q�K�T���`�B�b�Q�M�X

�j�y



�7�Q�` �K�Q�b�i �Q�7 �i�?�2 �b���K�T�H�2�X �h�?�2 �Q�M�H�v �K���i�2�`�B���H �2�t�+�m�`�b�B�Q�M�b �Q�+�+�m�` �B�M �i�?�2 �T�Q�b�i�@�w�G�"
�T�2�`�B�Q�/ ���i �H�Q�M�;�2�` �?�Q�`�B�x�Q�M�b �U�Z�8���Z�3�V�- �r�B�i�? �#�`�B�2�7 �b�T�B�F�2�b �2���`�H�B�2�` �Q�M�X �h�?�2�b�2 �2�t�+�2�2�/���M�+�2�b
���`�2 �M���`�`�Q�r�- �+�H�m�b�i�2�`�2�/ �B�M �i�?�2 �7�Q�`�r���`�/�@�;�m�B�/���M�+�2 �2�`���- ���M�/ �b�?�Q�`�i�@�H���b�i�2�/�X �h�?�2 �T���i�i�2�`�M
�+�H�2���`�H�v �/�Q�2�b �M�Q�i �b�m�T�T�Q�`�i �� �;�2�M�2�`���H �B�M�7�Q�`�K���i�B�Q�M���H �2�/�;�2 �7�Q�` �i�?�2 �6�2�/ �B�M �7�Q�`�2�+���b�i�B�M�;
�i�?�2 �7�m�i�m�`�2 �b�i���M�+�2 �Q�7 �K�Q�M�2�i���`�v �T�Q�H�B�+�v�X

�j�X�9�X�j �_�2�p�B�b�B�i�B�M�; �h�B�K�2�@�o���`�v�B�M�; ���+�+�m�`���+�v

�*�Q�K�T�H�2�K�2�M�i�B�M�; �i�?�2 �B�M�7�Q�`�K���i�B�Q�M�@���/�p���M�i���;�2 �2�t�2�`�+�B�b�2�- �>�Q�2�b�+�? �2�i ���H�X �U�k�y�k�j�V �2�p���H�m�@
���i�2�b �i�?�2� �̀2�H���i�B�p�2 �T� �̀2�/�B�+�i�B�p�2 ���+�+�m� �̀��+�v�Q�7 �6�2�/ ���M�/ �K���`�F�2�i�b �7�Q�`�2�+���b�i�b �r�B�i�? �� �`�Q�H�H�B�M�;
�:�B���+�Q�K�B�M�B ���M�/ �_�Q�b�b�B �U�k�y�R�y�V�- ���;���B�M �2�K�T�H�Q�v�B�M�; �b�m�`�p�2�v �/���i�� �B�M �i�?�2 �+�Q�K�T���`�B�b�Q�M�X�k�N�A
�`�2�T�`�Q�T�Q�b�2 �i�?�B�b ���M���H�v�b�B�b�- �7�Q�` �2���+�? �?�Q�`�B�x�Q�Mh ���M�/ �r�B�M�/�Q�r �Q�7m �K�2�2�i�B�M�;�b�- �r�B�i�? �i�?�2
�7�m�i�m�`�2�b�@�#���b�2�/ �K���`�F�2�i �/���i���- �i�B�K�2�/ ���i �i�?�2 �+�H�Q�b�B�M�; �T�`�B�+�2 �Q�7 �i�?�2 �/���i�2 �Q�7 �i�?�2 �h�2���H�#�Q�Q�F�ö�b
�B�M�i�2�`�M���H �`�2�H�2���b�2�X �*�Q�M�b�B�b�i�2�M�i�H�v �r�B�i�? �i�?�2 �.�B�2�#�Q�H�/�@�J���`�B���M�Q �i�2�b�i�b �B�M �b�2�+�i�B�Q�M�j�X�9�- ���b ���+�@
�+�m�`���+�v �+�`�B�i�2�`�B�Q�M �A �+�Q�M�b�B�/�2�` �i�?�2 �K�2���M���b�[�m���`�2�/ �7�Q�`�2�+���b�i �2�`�`�Q�`�b �U�J�a�6�1�V �Q�7 �i�?�2 �K���`�F�2�i
���M�/ �i�?�2 �6�2�/�X

�G�2�i �i�?�2h�@���?�2���/ �7�Q�`�2�+���b�i �2�`�`�Q�`�b ���M�/ �i�?�2�B�` �H�Q�b�b �/�B�z�2�`�2�M�i�B���H �#�2

eF
s;h = xs+ h � xF

s+ hjs; eM
s;h = xs+ h � xM

s+ hjs; ds;h = ( eM
s;h)2 � (eF

s;h)2: �U�3�V

�q�B�i�?�B�M �2���+�? �r�B�M�/�Q�rs 2 f t � m + 1 ; : : : ; tg�- �A �`�m�M �i�?�2 �+�Q�M�b�i���M�i�@�Q�M�H�v �`�2�;�`�2�b�b�B�Q�M

ds;h = � t;h + us;h : �U�N�V

�a�B�K�B�H���`�H�v �i�Q �U�e�V�- �i�?�2t���b�i���i�B�b�i�B�+ �i���F�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �7�Q�`�K�,

� GR
t;h = �dt;h

. q
^� 2

t;h =m; �dt;h =
1
m

tX

s= t � m+1

ds;h : �U�R�y�V

�A �b�m�K�K���`�B�x�2 �i�B�K�2 �p���`�B���i�B�Q�M �p�B�� �i�?�2�6�Q� �̀2�+���b�i�@���+�+�m� �̀��+�v �6�H�m�+�i�m���i�B�Q�M�b�i���i�B�b�i�B�+

A h = max
t

� GR
t;h ; �U�R�R�V

�i�?�2 �M�m�H�H �#�2�B�M�;H0 : � t;h = 0 8 t �U�B�X�2�X�- �2�[�m���H �J�a�6�1 ���i ���H�H �i�B�K�2�b�V �B�b �i�2�b�i�2�/ ���;���B�M�b�i �i�?�2
�Q�M�2�@�b�B�/�2�/ ���H�i�2�`�M���i�B�p�2H1 : � t;h > 0 �U�B�X�2�X�- �6�2�/ �K�Q�`�2 ���+�+�m�`���i�2 �7�Q�` ���i �H�2���b�i �Q�M�2 �r�B�M�@
�/�Q�r�V�X �A�M�i�m�B�i�B�p�2�H�v�- �i�?�2 �M�m�H�H �?�v�T�Q�i�?�2�b�B�b �B�b �i�?���i �i�?�2 �h�2���H�#�Q�Q�F ���M�/ �K���`�F�2�i�ö�b �7�Q�`�2�+���b�i�b
�?���p�2 �i�?�2 �b���K�2 �T�`�2�/�B�+�i�B�p�2 ���+�+�m�`���+�v�c �m�M�/�2�` �i�?�2 ���H�i�2�`�M���i�B�p�2�- �T�Q�b�B�i�B�p�2 �p���H�m�2�b �Q�7 �i�?�2
�i�2�b�i �b�i���i�B�b�i�B�+ �B�M�/�B�+���i�2 �i�?���i �i�?�2 �h�2���H�#�Q�Q�F �T�`�2�/�B�+�i�B�p�2 �T�2�`�7�Q�`�K���M�+�2 �B�b �K�Q�`�2 ���+�+�m�`���i�2�X
�:�H�Q�#���H �`�2�D�2�+�i�B�Q�M �Q�+�+�m�`�b �r�?�2�MA h �2�t�+�2�2�/�b �i�?�2 �:�B���+�Q�K�B�M�B���_�Q�b�b�B �+�`�B�i�B�+���H �p���H�m�2�X�j�y

�k�N�.�B�b�i�B�M�+�i�- �+�Q�M�+�2�T�i�m���H�H�v�- �7�`�Q�K �B�M�7�Q�`�K���i�B�Q�M ���/�p���M�i���;�2 �i�2�b�i�b�- �r�?�B�+�? ���b�F �r�?�2�i�?�2�` �Q�M�2 �7�Q�`�2�+���b�i
���/�/�b �B�M�7�Q�`�K���i�B�Q�M �+�Q�M�/�B�i�B�Q�M���H �Q�M �i�?�2 �Q�i�?�2�`�, �B�i �+���M �#�2 �b�?�Q�r�M �i�?���i �b�m�+�? �i�2�b�i�b �/�Q �M�Q�i �`���M�F �7�Q�`�2�+���b�i
���+�+�m�`���+�v �m�M�H�2�b�b �#�Q�i�? �7�Q�`�2�+���b�i�b ���`�2 �m�M�#�B���b�2�/ ���M�/ �i�?�2�B�` �2�`�`�Q�`�b �m�M�+�Q�`�`�2�H���i�2�/�X �q�B�i�? �+�Q�`�`�2�H���i�B�Q�M �Q�`
�#�B���b�- �i�?�2 �K���T�T�B�M�; �#�`�2���F�b�X �:�B���+�Q�K�B�M�B ���M�/ �_�Q�b�b�B �U�k�y�R�y�V�- �B�M�b�i�2���/�- �i���`�;�2�i�b ���+�+�m�`���+�v �/�B�`�2�+�i�H�v �#�v
�i�`���+�F�B�M�; �i�?�2 �K�2���M �H�Q�b�b �/�B�z�2�`�2�M�i�B���H�- �`�2�;���`�/�H�2�b�b �Q�7 �i�?�2 �+�Q�`�`�2�H���i�B�Q�M �b�i�`�m�+�i�m�`�2�X

�j�y�J�Q�`�2 �i�2�+�?�M�B�+���H �/�2�i���B�H�b ���`�2 �`�2�T�Q�`�i�2�/ �B�M ���T�T�2�M�/�B�t�.�X�R�8�X

�j�R



�6�B�;�m�`�2 �R�8�, �6�Q�`�2�+���b�i ���+�+�m�`���+�v���6�6�_ �Uh = 1 : 8 �V�X�_�Q�H�H�B�M�;� GR
t;h �7�`�Q�K �`�2�;�`�2�b�b�B�Q�M�N�U�T�Q�b�B�i�B�p�2�

�6�2�/ �K�Q�`�2 ���+�+�m�`���i�2�V�- �2�b�i�B�K���i�2�/ �B�Mm = 30 ���K�2�2�i�B�M�; �r�B�M�/�Q�r�b ���M�/ �/���i�2�/ ���i �i�?�2 �K�B�/�T�Q�B�M�i�X �.���b�?�2�/
�`�2�/ �H�B�M�2�b �K���`�F �i�?�2 �Q�M�2�@�b�B�/�2�/ �8�W �:�B���+�Q�K�B�M�B ���M�/ �_�Q�b�b�B �U�k�y�R�y�V �+�`�B�i�B�+���H �p���H�m�2�b�X �>���* �b�X�2�X�, �L�2�r�2�v��
�q�2�b�i �r�B�i�? �#���M�/�r�B�/�i�?m1=4 �X �J���`�F�2�i �7�Q�`�2�+���b�i�b ���`�2 �2�t�i�`���+�i�2�/ �7�`�Q�K �6�2�/ �6�m�M�/�b �6�m�i�m�`�2�b ���H�B�;�M�2�/ �i�Q
�i�?�2 �h�2���H�#�Q�Q�F �+�m�i�Q�z�X

�6�B�;�m�`�2�R�8�/�B�b�T�H���v�b �i�?�2 ���+�+�m�`���+�v �+�Q�K�T���`�B�b�Q�M �`�2�b�m�H�i�b ���ih = 1 ; : : : ; 8 �[�m���`�i�2�`�b �?�Q�`�B�@
�x�Q�M�b�X �h�?�2 �b�i���i�B�b�i�B�+� GR

t ���H�K�Q�b�i �M�2�p�2�` �b�m�b�i���B�M�b �p���H�m�2�b ���#�Q�p�2 �i�?�2 �Q�M�2�@�b�B�/�2�/ �8�W �H�B�M�2�X
�P�M �i�?�2 �+�Q�M�i�`���`�v�- �7�Q�` �K�Q�b�i �?�Q�`�B�x�Q�M�b�- �p���H�m�2�b �#�2�H�Q�r �i�?�2 �i�?�`�2�b�?�Q�H�/ ���M�/ �#�2�H�Q�r �x�2�`�Q
���`�2 �2�t�+�2�2�/�B�M�;�H�v �K�Q�`�2 �+�Q�K�K�Q�M�- �B�M�/�B�+���i�B�M�; �i�?���i �i�?�2 �K���`�F�2�i�ö�b �J�a�6�1 �B�b���i �H�2���b�i���b
�H�Q�r ���b �i�?�2 �6�2�/�ö�b�X �A�M �i�?�2 �K�2�/�B�m�K �`�m�M �U�Z�e�@�Z�d�V �i�?�2�`�2 ���`�2 �b�?�Q�`�i�@�H�B�p�2�/ �T�2���F�b �/�m�`�@
�B�M�; �k�y�y�N���k�y�R�y�- �+�Q�B�M�+�B�/�B�M�; �r�B�i�? �i�?�2 �U�K���B�M�i���B�M�2�/�V �T�`�2�/�B�+�i�B�Q�M�b �Q�7 �i�?�2 �6�2�/ �i�Q �F�2�2�T
���M ���+�+�Q�K�K�Q�/���i�B�p�2 �b�i���M�+�2 �Q�7 �T�Q�H�B�+�v�c �?�Q�r�2�p�2�`�- �i�?�2�b�2 �[�m�B�+�F�H�v �`�2�p�2�`�b�2 ���M�/ �i�?�2 �b�i���i�B�b�@
�i�B�+�b �i�m�`�M �M�2�;���i�B�p�2 �i�?�2�`�2���7�i�2�`�X �l�M�b�m�`�T�`�B�b�B�M�;�H�v�- �i�?�2 �2�p�B�/�2�M�+�2 �T�Q�B�M�i�b �B�M �i�?�2 �Q�T�T�Q�b�B�i�2
�/�B�`�2�+�i�B�Q�M �Q�7 �� �6�2�/�ö�b �b�m�T�`�2�K���+�v �B�M �7�Q�`�2�+���b�i�B�M�;�, �i�?�2 �K���`�F�2�i �B�b �r�2���F�H�v�����M�/ �Q�7�i�2�M
�T�H���B�M�H�v���K�Q�`�2 ���+�+�m�`���i�2 �i�?���M �i�?�2 �6�2�/ �B�M �T�`�2�/�B�+�i�B�M�; �i�?�2 �7�m�M�/�b �`���i�2�- �+�Q�M�b�B�b�i�2�M�i �r�B�i�?

�j�k



�i�?�2 �}�M�/�B�M�;�b �`�2�T�Q�`�i�2�/ �B�M�j�X�9�X

�9 �h�?�2�Q�`�2�i�B�+���H �6�`���K�2�r�Q�`�F

�h�?�B�b �b�2�+�i�B�Q�M �K���T�b �i�?�2 �2�p�B�/�2�M�+�2 �i�Q �i�?�2�Q�`�v�X �A �}�`�b�i �b�?�Q�r �i�?���i �`�2�H���t�B�M�; �i�?�2 �7�m�H�H�@
�B�M�7�Q�`�K���i�B�Q�M ���b�b�m�K�T�i�B�Q�M �i�`���+�i���#�H�v �B�M�i�`�Q�/�m�+�2�b �/�B�b���;�`�2�2�K�2�M�i �B�M �� �#���b�2�H�B�M�2 �L�2�r �E�2�v�@
�M�2�b�B���M �K�Q�/�2�H�X �A �i�?�2�M �/�2�`�B�p�2 �i�?�2 �K�Q�/�2�H�ö�b �B�K�T�m�H�b�2 �`�2�b�T�Q�M�b�2�b �i�Q �+�?���`���+�i�2�`�B�x�2 �T�Q�H�@
�B�+�v �i�`���M�b�K�B�b�b�B�Q�M �B�M �� �/�B�b���;�`�2�2�K�2�M�i �2�+�Q�M�Q�K�v�- ���M�/ �m�b�2 �i�?�2 �2�K�T�B�`�B�+���H�H�v �/�Q�+�m�K�2�M�i�2�/
�b�i���i�2�@�/�2�T�2�M�/�2�M�i ���i�i�2�M�m���i�B�Q�M �i�Q �Q�#�i���B�M �K�Q�/�2�H �`�2�b�i�`�B�+�i�B�Q�M�b�X �h�?�2�b�2 �`�2�b�i�`�B�+�i�B�Q�M�b �/�B�b�+�B�@
�T�H�B�M�2 �i�?�2 �7�`���K�2�r�Q�`�F�ö�b �K�B�+�`�Q�7�Q�m�M�/���i�B�Q�M�b �b�Q �i�?���i �B�i �`�2�T�`�Q�/�m�+�2�b �i�?�2 �2�K�T�B�`�B�+���H �T���i�i�2�`�M�b
���M�/ �v�B�2�H�/�b �b�?���`�T�- �i�2�b�i���#�H�2 �T�`�2�/�B�+�i�B�Q�M�b�- �r�?�B�+�? �i�?�2 �K�Q�/�2�H �b���i�B�b�}�2�b�X �h�?�2 �M�2�t�i �b�2�+�i�B�Q�M
�K�B�+�`�Q�7�Q�m�M�/�b �/�B�b���;�`�2�2�K�2�M�i ���M�/ �K���`�F�2�i �H�2���`�M�B�M�; �B�M �� �K�Q�/�2�H �r�?�2�`�2 �K���`�F�2�i�b �m�T�/���i�2
���`�Q�m�M�/ �6�P�J�* ���M�M�Q�m�M�+�2�K�2�M�i�b �m�M�/�2�` �?�2�i�2�`�Q�;�2�M�2�Q�m�b �B�M�7�Q�`�K���i�B�Q�M�- �/�B�z�2�`�2�M�i �T�Q�H�B�+�v
�#�2�H�B�2�7�b ���M�/ �6�2�/�ö�b �H�B�K�B�i�2�/ �+�Q�K�K�B�i�K�2�M�i�X

�9�X�R �.�B�b���;�`�2�2�K�2�M�i �B�M �i�?�2 �L�2�r �E�2�v�M�2�b�B���M �J�Q�/�2�H

�a�i�`�Q�M�; ���b�b�m�K�T�i�B�Q�M�b �H�B�F�2 �7�m�H�H �B�M�7�Q�`�K���i�B�Q�M �T�`�2�p�2�M�i �i�?�2 �Q�+�+�m�`�`�2�M�+�2 �Q�7 �/�B�b���;�`�2�2�K�2�M�i
�B�M �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �Q�7 �b�i���M�/���`�/ �K���+�`�Q �K�Q�/�2�H�b�X �A�M �7���+�i�- �m�M�/�2�` �7�m�H�H �B�M�7�Q�`�K���i�B�Q�M
���M�/ �`���i�B�Q�M���H�B�i�v�- �2�t�T�2�+�i���i�B�Q�M�b �Q�7 ���H�H �2�+�Q�M�Q�K�B�+ ���;�2�M�i�b �+�Q�B�M�+�B�/�2�X �h�Q �K�B�+�`�Q�7�Q�m�M�/ �i�?�2
�T�2�`�p���b�B�p�2 �/�B�b���;�`�2�2�K�2�M�i �/�Q�+�m�K�2�M�i�2�/ �B�M �i�?�2 �2�K�T�B�`�B�+���H �b�2�+�i�B�Q�M�- �A ���b�b�m�K�2 �� �;�2�M�2�`���H
�#�2�H�B�2�7 �b�i�`�m�+�i�m�`�2 �r�B�i�? �/�B�z�2�`�2�M�i�B���H �B�M�7�Q�`�K���i�B�Q�M �Q�M �7�m�M�/���K�2�M�i���H�b�- �?�2�i�2�`�Q�;�2�M�2�Q�m�b �T�`�B�Q�`�b
�Q�M �i�?�2 �K�Q�M�2�i���`�v �T�Q�H�B�+�v �`�m�H�2 ���M�/ �H�B�K�B�i�2�/ �+�Q�K�K�B�i�K�2�M�i �U�ó�+�`�2�/�B�#�B�H�B�i�v�ô�V �#�v �i�?�2 �6�2�/�X
�h�?�B�b �a�2�+�i�B�Q�M �m�b�2�b �i�?�2 �+�Q�`�2 �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �L�2�r �E�2�v�M�2�b�B���M �K�Q�/�2�H �i�Q ���+�+�Q�K�K�Q�/���i�2
�i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �/�B�b���;�`�2�2�K�2�M�i ���M�/ �b�i�m�/�v �B�i�b �2�z�2�+�i�b �Q�M �K�Q�M�2�i���`�v �i�`���M�b�K�B�b�b�B�Q�M�X

�A�M�i�m�B�i�B�p�2�H�v�- �i�?�2 �Q�#�D�2�+�i�B�p�2 �B�b �i�Q �H�2�i �i�?�2 �6�2�/ ���M�M�Q�m�M�+�2 �Q�M�2 �T���i�? �7�Q�` �T�Q�H�B�+�v�- �r�?�B�H�2
�K���`�F�2�i�b���+�i�Q�M �� �T�Q�i�2�M�i�B���H�H�v �/�B�z�2�`�2�M�i �T�2�`�+�2�B�p�2�/ �T���i�?�- ���M�/ �i�Q �i�`���+�2 �?�Q�r �i�?�B�b �#�2�H�B�2�7
�;���T �7�2�2�/�b �#���+�F �B�M�i�Q ���;�;�`�2�;���i�2 �/�2�K���M�/ �i�?�`�Q�m�;�? �B�M�i�2�`�i�2�K�T�Q�`���H �b�m�#�b�i�B�i�m�i�B�Q�M �� ��
�F�2�v �+�?���M�M�2�H �Q�7 �K�Q�M�2�i���`�v �T�`�Q�T���;���i�B�Q�M �� �B�M �B�i�b �b�B�K�T�H�2�b�i �+�Q�M�}�;�m�`���i�B�Q�M�, �i�?�2 �1�m�H�2�`
�2�[�m���i�B�Q�M�X

�A �b�i���`�i �7�`�Q�K �� �H�Q�;�@�H�B�M�2���`�B�x�2�/ �+�Q�M�b�m�K�T�i�B�Q�M �1�m�H�2�` �2�[�m���i�B�Q�M�- �r�?�B�+�? �B�b �/�2�`�B�p�2�/ �7�`�Q�K
�B�M�i�2�`�i�2�K�T�Q�`���H �?�Q�m�b�2�?�Q�H�/ �Q�T�i�B�K�B�x���i�B�Q�M�- ���M�/ �i�?���i �i�?�2�`�2�7�Q�`�2 �7�2���i�m�`�2�b�K���`�F�2�i�2�t�T�2�+�@
�i���i�B�Q�M�b �Q�7 �7�m�i�m�`�2 �`�2���H �`���i�2�b ���M�/ �+�Q�M�b�m�K�T�i�B�Q�M�,
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EM
t
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i t � � t+1 � r n
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i
+ EM

t (ct+1 ) �U�R�k�V

�r�?�2�`�2� �B�b �i�?�2 �B�M�i�2�`�i�2�K�T�Q�`���H �2�H���b�i�B�+�B�i�v �Q�7 �b�m�#�b�i�B�i�m�i�B�Q�M ���M�/r n
t �i�?�2 �M���i�m�`���H �`���i�2 �Q�7

�B�M�i�2�`�2�b�i�X �1�+�Q�M�Q�K�B�+���H�H�v�- �i�?�B�b �+�Q�M�/�B�i�B�Q�M �b���v�b �i�?���i �?�Q�m�b�2�?�Q�H�/�b �+�?�Q�Q�b�2 �+�Q�M�b�m�K�T�i�B�Q�M
�b�Q �i�?���i �i�Q�/���v�ö�b �K���`�;�B�M���H �m�i�B�H�B�i�v �2�[�m���H�b �i�?�2 �2�t�T�2�+�i�2�/ �/�B�b�+�Q�m�M�i�2�/ �K���`�;�B�M���H �m�i�B�H�B�i�v
�i�Q�K�Q�`�`�Q�r�, �B�7 �i�?�2�v ���M�i�B�+�B�T���i�2 �� �H�Q�r�2�` �T���i�? �Q�7 �7�m�i�m�`�2 �`�2���H �`���i�2�b�- �B�i �#�2�+�Q�K�2�b �Q�T�i�B�K���H
�i�Q �#�`�B�M�; �b�T�2�M�/�B�M�; �7�Q�`�r���`�/ ���M�/ �B�M�+�`�2���b�2 �+�m�`�`�2�M�i �/�2�K���M�/ �U�+�Q�M�b�m�K�T�i�B�Q�M �b�K�Q�Q�i�?�B�M�;�V�X
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�A�i�2�`���i�B�M�; �U�R�k�V �7�Q�`�r���`�/ �;�B�p�2�b

ct = �
1
�

1X

h=0
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EM

t (i t+ h) � EM
t (� t+ h+1 ) � EM

t (r n
t+ h)

i
�U�R�j�V

�.�2�}�M�2D t+ hjt � EF
t (i t+ h) � EM

t (i t+ h)�X ���b�b�m�K�2�- �7�Q�` �i�?�2 �i�B�K�2 �#�2�B�M�;�- �i�?���i �B�M�~���i�B�Q�M
�2�t�T�2�+�i���i�B�Q�M�b ���`�2 �+�Q�K�K�Q�M�- �B�X�2�XEM

t (� t+ h+1 ) = EF
t (� t+ h+1 )�- ���M�/ �i�?���ir n �B�b �� �T�m�#�H�B�+�H�v

�F�M�Q�r�M �+�Q�M�b�i���M�i �/�2�M�Q�i�2�/ �#�v� �X ���/�/�B�M�; ���M�/ �b�m�#�i�`���+�i�B�M�;EF
t (i t+ h) �v�B�2�H�/�b�j�R

ct = �
1
�

1X

h=0

h
EF

t (i t+ h) � EF
t (� t+ h+1 ) � �

i
+

1
�

1X

h=1

D t+ hjt �U�R�9�V

�r�?�2�`�2 �i�?�2 �}�`�b�i �i�2�`�K �`�2�T�`�2�b�2�M�i�b �i�?�2 �B�i�2�`���i�2�/ �1�m�H�2�` �1�[�m���i�B�Q�M �U�R�j�V �B�7 �i�?�2 �J���`�F�2�i
�b�?���`�2�/ �i�?�2 �6�2�/�ö�b �#�2�H�B�2�7�b�X �h�?���i �B�b�- �B�7 �i�?�2 �J���`�F�2�i ���M�/ �i�?�2 �6�2�/���;� �̀2�2�/�X �A �`�2�r�`�B�i�2 �U�R�9�V
���b

ct � c���;�`�2�2�K�2�M�i
t + Wt ; �U�R�8�V

�r�?�2�`�2c���;�`�2�2�K�2�M�i
t �B�b �i�?�2 �+�Q�M�p�2�M�i�B�Q�M���H �L�2�r �E�2�v�M�2�b�B���M �+�Q�M�b�m�K�T�i�B�Q�M �B�K�T�H�B�2�/ �#�v �i�?�2

�1�m�H�2�` �1�[�m���i�B�Q�M �m�M�/�2�` �7�m�H�H �B�M�7�Q�`�K���i�B�Q�M �`���i�B�Q�M���H �2�t�T�2�+�i���i�B�Q�M�b �U�6�A�_�1�V ���M�/

Wt �
1
�

1X

h=1

D t+ hjt �U�R�e�V

�`�2�T�`�2�b�2�M�i�b ���M�2�t�T�2�+�i���i�B�Q�M�b �r�2�/�;�2�X �"�2�+���m�b�2Wt �2�M�i�2�`�b ���/�/�B�i�B�p�2�H�v�- �B�i �#�2�?���p�2�b �H�B�F�2 ��
�#�2�H�B�2�7�@�/�`�B�p�2�M �/�2�K���M�/ �b�?�Q�+�F�, �B�7�- �Q�M ���p�2�`���;�2�- �K���`�F�2�i�b �2�t�T�2�+�i �� �K�Q�`�2 ���+�+�Q�K�K�Q�/���i�B�p�2
�7�m�i�m�`�2 �T���i�? �i�?���M �i�?�2 �6�2�/ �UD t+ hjt > 0�V�- �i�?�2�MWt > 0 ���M�/ �+�Q�M�b�m�K�T�i�B�Q�M �B�b �b�i�`�Q�M�;�2�`
�i�?���M �m�M�/�2�` ���;�`�2�2�K�2�M�i�c �B�7 �i�?�2�v �2�t�T�2�+�i �� �i�B�;�?�i�2�` �T���i�? �UD t+ hjt < 0�V�-Wt < 0 ���M�/
�/�2�K���M�/ �B�b �r�2���F�2�` �i�?���M �r�?���i �i�?�2 �6�2�/ �B�M�i�2�M�/�b�X �h�?�2 �r�2�/�;�2 �i�?�2�`�2�7�Q�`�2 �b�m�K�K���`�B�x�2�b
�?�Q�r �K�m�+�? �Q�7 �i�?�2 ���M�M�Q�m�M�+�2�/ �i�B�;�?�i�2�M�B�M�; �Q�` �2���b�B�M�; �B�b ���+�i�m���H�H�v �B�M�i�2�`�M���H�B�x�2�/ �B�M �?�Q�m�b�2�@
�?�Q�H�/�b�ö �1�m�H�2�` �2�[�m���i�B�Q�M�X �A�M �Q�i�?�2�` �r�Q�`�/�b�- �/�B�b���;�`�2�2�K�2�M�i �/�B�b�i�Q�`�i�b �i�?�2 �K���`�F�2�i�ö�b �/�2�K���M�/
�b�+�?�2�/�m�H�2 �i�?�`�Q�m�;�?Wt �- �`�2�~�2�+�i�B�M�; �K���`�F�2�i�ö�b �/�B�z�2�`�2�M�i �#�2�H�B�2�7�b �Q�M �i�?�2 �7�m�i�m�`�2 �B�M�i�2�`�2�b�i
�`���i�2 �T���i�?�X

�9�X�k �h�`���M�b�K�B�b�b�B�Q�M �Q�7 �J�Q�M�2�i���`�v �S�Q�H�B�+�v �a�?�Q�+�F�b

�J�Q�M�2�i���`�v �T�Q�H�B�+�v �7�Q�H�H�Q�r�b �� �`�m�H�2 �Q�7 �i�?�2 �7�Q�`�Ki t = � 0
t EF

t (x t )+ uS
t �- �r�?�2�`�2� t �B�b ���Mn� 1

�i�B�K�2�@�p���`�v�B�M�; �p�2�+�i�Q�` �Q�7 �+�Q�2�{�+�B�2�M�i�b�-x t �B�b ��n � 1 �p�2�+�i�Q�` �`�2�T�`�2�b�2�M�i�B�M�; �U�m�M�Q�#�b�2�`�p�2�/�V
�2�+�Q�M�Q�K�B�+ �7�m�M�/���K�2�M�i���H�b�- ���M�/uS

t �B�b �� �x�2�`�Q�@�K�2���M �K�Q�M�2�i���`�v �T�Q�H�B�+�v �b�?�Q�+�F �2�M�/�Q�r�2�/
�r�B�i�? �T�2�`�b�B�b�i�2�M�+�2uS

t = � suS
t� 1 + "S

t �X �6�Q�` �B�H�H�m�b�i�`���i�B�Q�M�- �6�2�/ ���M�/ �K���`�F�2�i�b �K���v �?�Q�H�/

�j�R�_�2�H���t�B�M�;EM
t (� t + h +1 ) = EF

t (� t + h +1 ) �B�b �B�K�K�2�/�B���i�2 ���M�/ �H�2���p�2�b ���H�H �[�m���H�B�i���i�B�p�2 �`�2�b�m�H�i�b �B�M�i���+�i�-
�Q�M�H�v ���/�/�B�M�; �� �T���`���H�H�2�H �r�2�/�;�2 �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �B�M�~���i�B�Q�M�@�2�t�T�2�+�i���i�B�Q�M�b �/�B�b���;�`�2�2�K�2�M�i�X �a�2�2 �i�?�2 �/�2�`�B�p���@
�i�B�Q�M �B�M�1�X�k�7�Q�` �� �7�Q�`�K���H�B�x���i�B�Q�M �Q�7 �i�?�B�b ���`�;�m�K�2�M�i�X
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�/�B�z�2�`�2�M�i �#�2�H�B�2�7�b ���#�Q�m�i �i�?�2 �T�Q�H�B�+�v �`�m�H�2 �+�Q�2�{�+�B�2�M�i�b�- �b�Q �i�?���i �T�Q�H�B�+�v �B�b �i�?�2 �T�`�B�K�B�i�B�p�2 �Q�7
�/�B�b���;�`�2�2�K�2�M�i �U�i�?�2 ���`�;�m�K�2�M�i �B�b �;�2�M�2�`���H�B�x�2�/ �#�2�H�Q�r ���M�/ �B�M �a�2�+�i�B�Q�M�8�V�X

�1�p���H�m���i�2 �� �b�B�K�T�H�2 �j�@�2�[�m���i�B�Q�M �L�2�r �E�2�v�M�2�b�B���M �b�i�`�m�+�i�m�`�2�- �+�Q�K�T�Q�b�2�/ �#�v �i�?�2 �M�2�r�H�v
�Q�#�i���B�M�2�/ �.���.�A�a�- �� �b�i���M�/���`�/ �L�2�r �E�2�v�M�2�b�B���M �S�?�B�H�H�B�T�b �*�m�`�p�2 �U�L�E�S�*�V ���M�/ �� �b�B�K�@
�T�H�B�}�2�/ �T�Q�H�B�+�v �`�m�H�2 �+�Q�M�b�B�/�2�`�B�M�; �Q�M�H�v �B�M�~���i�B�Q�M�X�j�k �J���`�F�2�i�b ���M�/ �6�2�/ �/�B�b���;�`�2�2 �Q�M �i�?�2
�B�M�~���i�B�Q�M �+�Q�2�{�+�B�2�M�i�- �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �b�i�`�2�M�;�i�? �Q�7 �`�2�b�T�Q�M�b�2 �Q�7 �6�2�/�ö�b �T�Q�H�B�+�v�, �A �/�2�M�Q�i�2
�2���+�? �7�Q�`�2�+���b�i�2�`�ö�b �T�`�B�Q�` �#�v� i

� �- �r�B�i�?i = ( F; M )�X�j�j

�A�K�T�Q�b�B�M�; �2�[�m�B�H�B�#�`�B�m�K �Uct = yt �V �Q�#�i���B�M�b �� �/�B�b���;�`�2�2�K�2�M�i�@�2�M�?���M�+�2�/ �/�v�M���K�B�+ �A�a �+�m�`�p�2
�U�.���.�A�a�V�X �"�v �`�2�T�H���+�B�M�; �i�?�2 �B�M�i�2�`�2�b�i �`���i�2 �`�m�H�2 �B�M �i�?�2 �.�@�.�A�a�- �i�?�2 �b�v�b�i�2�K �i���F�2�b �i�?�2
�7�Q�H�H�Q�r�B�M�; �7�Q�`�K�,�j�9

yt = �
1
�

h
� � EF

t (� t ) + uS
t � EF

t (� t+1 )
i

+ EF
t (yt+1 ) � EF

t (Wt+1 ) + Wt ;

� t = � EM
t (� t+1 ) + � y t :

�U�R�d�V

�_�2�H���i�B�p�2 �i�Q �i�?�2 �b�i���M�/���`�/ �i�?�`�2�2�@�2�[�m���i�B�Q�M �L�2�r �E�2�v�M�2�b�B���M �K�Q�/�2�H�- �i�?�2 �Q�M�H�v �M�2�r �i�2�`�K
�B�bWt �B�M �i�?�2 �A�a �2�[�m���i�B�Q�M�X �� �K�Q�M�2�i���`�v �b�m�`�T�`�B�b�2 �M�Q�r ���z�2�+�i�b �Q�m�i�T�m�i �#�Q�i�? �i�?�`�Q�m�;�? �i�?�2
�m�b�m���H �K�Q�p�2�K�2�M�i �B�M �2�t�T�2�+�i�2�/ �`�2���H �`���i�2�b ���M�/ �i�?�`�Q�m�;�? �i�?�2 �r���v �K���`�F�2�i�b �`�2�@�B�M�i�2�`�T�`�2�i
�i�?�2 �r�?�Q�H�2 �7�m�i�m�`�2 �T�Q�H�B�+�v �T���i�?�- �+���T�i�m�`�2�/ �#�v �i�?�2 �B�M�/�m�+�2�/ �+�?���M�;�2 �B�MWt �X �h�?�2 �T�`�Q�T���@
�;���i�B�Q�M �Q�7 �i�?�2 �b�?�Q�+�F �i�QuS

t �r�B�H�H �/�2�T�2�M�/ �#�Q�i�? �Q�M �i�?�2 �b�i�`�m�+�i�m�`���H �T���`���K�2�i�2�`�b ���M�/ �Q�M
�i�?�2 �`�2�b�T�Q�M�b�2 �Q�7 �i�?�2 �2�M�/�Q�;�2�M�Q�m�b �p���`�B���#�H�2�b �U�B�M�+�H�m�/�B�M�;Wt �V �r�?�B�+�? �B�b �7�m�M�+�i�B�Q�M �Q�7 �i�?�2
�2�t�T�2�+�i���i�B�Q�M �;���T �#�2�i�r�2�2�M �6�2�/ ���M�/ �K���`�F�2�i�b�X
�G�2�i �m�b ���b�b�m�K�2 �H�B�M�2���` �b�Q�H�m�i�B�Q�M�b �Q�7 �i�?�2 �7�Q�`�Kyt = 	 yuS

t �- � t = 	 � uS
t �-Wt = 	 wuS

t �X
�a�Q�H�p�B�M�; �i�?�2 �b�v�b�i�2�K �v�B�2�H�/�b�,�j�8
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(� (1 � � s)	 w � 1)(1 � � � s)

(1 � � � s)(1 � � s)� + � (� � � � s)

�U�R�3�V
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�A�M �i�?�2 �K�Q�/�2�H�- �2�[�m���i�B�Q�M �U�k�y�V �b���v�b �i�?���i �i�?�2 �r�2�/�;�2 �`�2�b�T�Q�M�/�b �K�Q�`�2 �B�M�> �i�?���M �B�M�G
�b�i���i�2�b�X �6�Q�`�K���H�H�v�- �/�2�}�M�2A � � (1� � � s )

� (1� � � s )(1 � � s )+ � (� � � � s ) �-B � (1� � � s )(1 � � s )�
� (1� � � s )(1 � � s )+ � (� � � � s ) �X

�A �`�2�r�`�B�i�2 �U�k�R�V �+�Q�K�T���+�i�H�v�,
	 H;L

y = A + B 	 H;L
w �U�k�k�V

�l�M�/�2�` �b�i���M�/���`�/ �+���H�B�#�`���i�B�Q�M�b�-A < 0 < B �- ���H�H�Q�r�B�M�; �i�Q �b�?�Q�r �2�t�T�H�B�+�B�i�H�v �i�?�2 �B�K�T�H�B�+���@
�i�B�Q�M�b �Q�7 �i�?�2 �T�Q�b�B�i�B�p�2� h ���b �B�M �U�k�y�V�,

� h > 0 () 	 H
y � 	 L

y > 0 () B (	 H
w � 	 L

w) > 0 () 	 H
w > 	 L

w �U�k�j�V

�h�?�2 �2�+�Q�M�Q�K�B�+ �B�M�i�m�B�i�B�Q�M �7�Q�` �i�?�B�b �`�2�b�m�H�i �+���M �#�2 �7�Q�m�M�/ �B�M �i�?�2 �B�M�i�2�`�i�2�K�T�Q�`���H �b�m�#�b�i�B�@
�i�m�i�B�Q�M ���i �i�?�2 �+�Q�`�2 �Q�7 �L�2�r �E�2�v�M�2�b�B���M �/�v�M���K�B�+�b�, �� �H���`�;�2�` �+�?���M�;�2 �B�M �i�?�2 �r�2�/�;�2
�i�`���M�b�H���i�2�b �B�M �� �H���`�;�2�` �`�2�p�B�b�B�Q�M �#�v �i�?�2 �K���`�F�2�i�- �`�2�b�m�H�i�B�M�; �B�M �� �K�Q�`�2 �K�m�i�2�/ �`�2���H�H�Q�@
�+���i�B�Q�M �Q�7 �B�M�i�2�`�i�2�K�T�Q�`���H �/�2�K���M�/ �/�m�2 �i�Q �i�?�2 �T�2�`�b�B�b�i�2�M�i �U�?�2�B�;�?�i�2�M�2�/�V �/�B�b���;�`�2�2�K�2�M�i
�r�?�2�M �B�M �?�B�;�? �/�B�b���;�`�2�2�K�2�M�i �b�i���i�2�b�X �6�Q�` �2�t���K�T�H�2�- �B�M �`�2�b�T�Q�M�b�2 �i�Q �� �T�Q�b�B�i�B�p�2 �K�Q�M�2�i���`�v
�b�m�`�T�`�B�b�2 �Uus

t > 0�V�- �Q�m�i�T�m�i �r�B�H�H �`�2���+�i�H�2�b�b�U	 L
y < 	 H

y �V �r�?�2�M �K���`�F�2�i�ö�b �2�t�T�2�+�i���i�B�Q�M�b
���#�Q�m�i �7�m�i�m�`�2 �`���i�2�b ���`�2 �`�2�p�B�b�2�/ �K�Q�`�2 �U	 L

w < 	 H
w �V�X �h�?�B�b �+���M �#�2 �B�M�i�2�`�T�`�2�i�2�/ ���b �i�?�2

�K���`�F�2�i �`�2�;���`�/�B�M�; �i�?�2 �b�m�`�T�`�B�b�2 �?�B�F�2 ���b �� �ó�K�B�b�i���F�2�ô�- ���M�/ �i�?�2�`�2�7�Q�`�2 �2�t�T�2�+�i�B�M�; �i�?�2 �6�2�/
�i�Q �ó���/�D�m�b�i�ô �i�?�2 �T�Q�H�B�+�v �i�`���D�2�+�i�Q�`�v �B�M �i�?�2 �7�m�i�m�`�2�X �h�?�B�b �B�M�i�2�`�T�`�2�i���i�B�Q�M �B�b �+�H�Q�b�2 �B�M �b�T�B�`�B�i
�i�Q �*���#���H�H�2�`�Q ���M�/ �a�B�K�b�2�F �U�k�y�k�k�V�ö�b �M�Q�i�B�Q�M �Q�7�Q�T�B�M�B�Q�M���i�2�/�K���`�F�2�i�b�- �r�?�B�+�?�- ���H�i�?�Q�m�;�?
�`�2�K���`�F���#�H�v �/�B�z�2�`�2�M�i �B�M �K�2�+�?���M�B�b�K�- ���H�b�Q �7�2���i�m�`�2�b �� �7�`���K�2�r�Q�`�F �r�?�2�`�2 �}�M���M�+�B���H �K���`�@
�F�2�i�b ���M�/ �6�2�/ ���/�D�m�b�i �2�t�T�2�+�i���i�B�Q�M�b �Q�7 �7�m�i�m�`�2 �T�Q�H�B�+�v �#���b�2�/ �Q�M ���M �m�M�/�2�`�b�i���M�/�B�M�; �Q�7
�i�?�2 �Q�i�?�2�`�ö�b �#�2�H�B�2�7�b �#�2�B�M�; �#�B���b�2�/�X

�9�X�k�X�R �h�2�b�i�B�M�; �i�?�2 �K�Q�/�2�H�ö�b �T�`�2�/�B�+�i�B�Q�M�b

�A �i�2�b�i �i�?�2 �2�K�T�B�`�B�+���H �p���H�B�/�B�i�v �Q�7 �i�?�2 �K�Q�/�2�H�ö�b �T�`�2�/�B�+�i�B�Q�M �U�k�y�V �#�v �B�M�p�2�b�i�B�;���i�B�M�; �i�?�2
�#�2�?���p�B�Q�` �Q�7 �i�?�2 �r�2�/�;�2Wt �B�M �/�B�z�2�`�2�M�i �/�B�b���;�`�2�2�K�2�M�i �b�i���i�2�b�X �A �T�`�Q�t�v �7�Q�` �i�?�2 �B�M�}�M�B�i�2
�b�m�K �Q�7 �/�B�b���;�`�2�2�K�2�M�i�b �m�b�B�M�; �i�?�2 ���p���B�H���#�H�2 �Q�#�b�2�`�p���i�B�Q�M�b �B�M �K�v �b���K�T�H�2�X �J�v �#���b�2�H�B�M�2
���T�T�`�Q���+�? �+�Q�M�b�i�`�m�+�i�b �� �r�2�/�;�2 �b�2�`�B�2�b �i�?���i �K�Q�b�i �+�H�Q�b�2�H�v �b�T���M�b �i�?�2 �/�m�`���i�B�Q�M �Q�7 �i�?�2
�7�m�H�H �b���K�T�H�2 �T�2�`�B�Q�/ �i�Q ���H�B�;�M �i�?�2 �i�?�2�Q�`�2�i�B�+���H �T�`�2�/�B�+�i�B�Q�M�b �r�B�i�? �i�?�2 �2�K�T�B�`�B�+���H �}�M�/�B�M�;�b�X
�.���i�� ���p���B�H���#�B�H�B�i�v �B�M �i�?�2 �2���`�H�v �v�2���`�b �Q�7 �i�?�2 �b���K�T�H�2 �B�b �+�Q�M�b�i�`���B�M�2�/�- �Q�7�i�2�M �H�B�K�B�i�B�M�; �i�?�2
�/�B�b���;�`�2�2�K�2�M�i �?�Q�`�B�x�Q�M �i�Q �Q�M�H�v �i�r�Q �Q�` �i�?�`�2�2 �[�m���`�i�2�`�b �B�M�i�Q �i�?�2 �7�m�i�m�`�2�X �h�?�B�b �T�`�2�b�2�M�i�b

�j�d



�� �i�`���/�2�Q�z �#�2�i�r�2�2�M �K�Q�/�2�H �+�Q�M�b�B�b�i�2�M�+�v �� �r�?�B�+�? �r�Q�m�H�/ �+���H�H �7�Q�` �i�?�2 �H�Q�M�;�2�b�i �T�Q�b�b�B�#�H�2
�b�2�[�m�2�M�+�2 �� ���M�/ �b���K�T�H�2 �`�2�T�`�2�b�2�M�i���i�B�p�2�M�2�b�b �� �7�`�Q�K �r�?�B�+�? �i�?�2 �F�2�v �2�K�T�B�`�B�+���H �`�2�b�m�H�i�b ���`�2
�/�`���r�M�X ���b �� �#���b�2�H�B�M�2�- �A �2�t�+�H�m�/�2 �Q�#�b�2�`�p���i�B�Q�M�b �7�2���i�m�`�B�M�; �H�2�b�b �i�?���M �i�?�`�2�2 �+�Q�M�b�2�+�m�i�B�p�2
�[�m���`�i�2�`�b �Q�7 �/�B�b���;�`�2�2�K�2�M�i�X �A�M�i�m�B�i�B�p�2�H�v�- �i�?�B�b �}�M�B�i�2�@�?�Q�`�B�x�Q�M �r�2�/�;�2 �B�b �i�?�2 �2�K�T�B�`�B�+���H
�+�Q�m�M�i�2�`�T���`�i �Q�7Wt �B�M �i�?�2 �K�Q�/�2�H�X ���T�T�2�M�/�B�t�6 �T�`�2�b�2�M�i�b ���H�i�2�`�M���i�B�p�2 �T���`���K�2�i�`�B�x���i�B�Q�M�b
���H�Q�M�; �i�?�2 �i�`���/�2�@�Q�z �#�2�i�r�2�2�M �/�B�b���;�`�2�2�K�2�M�i �H�2�M�;�i�? ���M�/ �b���K�T�H�2 �/�m�`���i�B�Q�M�X

�h�Q �7���+�B�H�B�i���i�2 �i�?�2 �+�Q�K�T���`�B�b�Q�M �r�B�i�? �i�?�2 �2�K�T�B�`�B�+�b�- �A �i�2�b�i �r�2�/�;�2 �/�v�M���K�B�+�b �#�v �2�b�i�B�K���i�B�M�;
�i�?�2 �b���K�2 �H�Q�+���H �T�`�Q�D�2�+�i�B�Q�M�b ���b �B�M �i�?�2 �#���b�2�H�B�M�2 �`�2�b�m�H�i�b�- �i�?�2 �Q�M�H�v �/�B�z�2�`�2�M�+�2 �#�2�B�M�; �B�M
�i�?�2 �H�2�7�i�@�?���M�/ �b�B�/�2 �p���`�B���#�H�2�,�j�3

Wt+ h = ch + � h st + � h st j �D t j + �G���;�bLt � l + " t+ h �U�k�9�V

�L�Q�i�B�+�2�- �B�M �7���+�i�- �i�?���i �/�B�z�2�`�2�M�i�B���i�B�M�; �U�k�9�V �r�B�i�? �`�2�b�T�2�+�i �i�Qst �r�2 �Q�#�i���B�M�,

@Wt+ h

@st
= � h + � h j �D t j �U�k�8�V

�q�?�2�`�2 �i�?�2 �H�2�7�i�@�?���M�/ �b�B�/�2 �`�2�T�`�2�b�2�M�i�b �T�`�2�+�B�b�2�H�v �i�?�2 �2�K�T�B�`�B�+���H ���M���H�Q�; �Q�7 �Q�m�` �Q�#�D�2�+�i �Q�7
�B�M�i�2�`�2�b�i�,@Wt + h

@st
� 	 w �X �h�?�2�M�- �i�?�2 �+�Q�2�{�+�B�2�M�i�b� h �+���T�i�m�`�2 �?�Q�r	 w �p���`�B�2�b �r�B�i�? �i�?�2

�H�2�p�2�H �Q�7 �/�B�b���;�`�2�2�K�2�M�i ���i �2���+�? �?�Q�`�B�x�Q�Mh�- �M���K�2�H�v �B�i�b �b�i���i�2 �/�2�T�2�M�/�2�M�+�2�X �A�M �i�2�`�K�b
�Q�7 �i�?�2 �K�Q�/�2�H�-� h �i�2�H�H�b �m�b �r�?�2�i�?�2�`�- ���i �� �;�B�p�2�M �?�Q�`�B�x�Q�M�- �K�Q�p�B�M�; �7�`�Q�K �H�Q�r �i�Q �?�B�;�?
�/�B�b���;�`�2�2�K�2�M�i �K���F�2�b �K���`�F�2�i�b �H�2���M �K�Q�`�2 �b�i�`�Q�M�;�H�v���;���B�M�b�i�i�?�2 �b�m�`�T�`�B�b�2 �Q�` �K�Q�p�2 �K�Q�`�2
�B�M �i�?�2 �b���K�2 �/�B�`�2�+�i�B�Q�M�X
�h�?�2 �`�2�b�m�H�i�b �Q�7 �i�?�2 �2�b�i�B�K���i�B�Q�M ���`�2 �/�B�b�T�H���v�2�/ �B�M �6�B�;�m�`�2�R�e�X �h�?�2�v �b�?�Q�r �i�?���i �i�?�2
�2�t�T�2�+�i���i�B�Q�M �r�2�/�;�2 �/�2�+�`�2���b�2�b �B�M �i�B�K�2�b �Q�7 ���;�`�2�2�K�2�M�i ���M�/ �B�M�+�`�2���b�2�b ���b �� �7�m�M�+�i�B�Q�M �Q�7
�i�?�2 �T�`�2�p���B�H�B�M�; �H�2�p�2�H �Q�7 �/�B�b���;�`�2�2�K�2�M�i�- �r�B�i�? �� �/�2�H���v �Q�7 �i�?�`�2�2 �[�m���`�i�2�`�b�X

�6�B�;�m�`�2 �R�e�,�A�K�T�m�H�b�2 �_�2�b�T�Q�M�b�2 �6�m�M�+�i�B�Q�M�b �Q�7 �q�2�/�;�2Wt =
P 8

j =1 D t + j j �K�B�M�U�j �[�m���`�i�2�`�b�V�i�Q ���M
�Q�`�i�?�Q�;�Q�M���H�B�x�2�/ �K�Q�M�2�i���`�v �T�Q�H�B�+�v �b�?�Q�+�F�- �2�b�i�B�K���i�2�/ �7�`�Q�K �H���;�@���m�;�K�2�M�i�2�/ �H�Q�+���H �T�`�Q�D�2�+�i�B�Q�M�b�- �2�[�m���i�B�Q�M
�U�k�9�V�X �G�2�7�i �T���M�2�H�,� h �c �`�B�;�?�i �T���M�2�H�,� h �X �*�Q�M�}�/�2�M�+�2 �#���M�/�b ���i �e�3 ���M�/ �N�y�W �H�2�p�2�H�b�X �a���K�T�H�2�, �R�N�N�k�@
�k�y�R�N�-N = 331 �Q�#�b�2�`�p���i�B�Q�M�b �U�2�t�+�H�m�/�2�b �k�y�y�R�J�N �7�Q�` �i�?�2 �N�f�R�R �h�2�`�`�Q�`�B�b�i ���i�i���+�F�b�V�X

�j�3�S�H�m�b �i�?�2 �2�t�+�H�m�b�B�Q�M �Q�7h = 0 �� �� �M�Q�r�+���b�i �� �7�`�Q�K �i�?�2 �H�2�7�i�@�?���M�/ �b�B�/�2 �i�Q ���p�Q�B�/ �b�B�K�m�H�i���M�2�B�i�v�X
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